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alone lies my happiness.” | 


PREFACE 


Taking into account the needs, the age groups and the understanding 
capacity of students belonging to all strata of society, the Maharashtra _ 
State Board of Secondary and Higher Secondary Education, having 
given a second look to the objectives of mathematics courses at all school 
levels, has reframed the syllabus of Mathematics from Std. VIII to X. 


The textbooks of mathematics for Std. VIII and Std. [X, which were 
prepared as per the revised syllabus, were already published. In continua- 
tion of that series, the textbooksof mathematics for Std. X is prepared. It 
is hoped that the book finds approval from students as well as from 
teachers. 


While writing this book main attempt has been to make students aware 
of the fact that mathematics is closely related with day-to-day life. At- 
tempt is also made to achieve the f ollowing objectives. 


~ #% To awaken and encourage the inquisitive mind in students. 
* To develop students’ ability of logical thinking, so as to enable 
_ them. to put ideas in precise language and to create liking 
towards it. 
To make them appreciate the interrelation of ideas which are 
responsible for growth of Mathematics. 
To make them aware that mathematics is essential for deeper 
understanding of all sciences. ; 
To make them realise that mathematics has its own language, 
_ which they should be ableto understand, to speak, and to write. 
_ To develop the capacity of students to solve examples and pro- 
blems. 


The matter in this textbooks i 1S sO presented as to establish a good con- 
versation between the content matter of Std. IX and Std. X, and to 
facilitate the revision of the main concepts learned in Std. LX to help the 
students for better understanding of new concepts to be introduced in 
this textbooks. 
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In geometry textbooks, the Biber of a number of theorems, cor- 
ollaries and their converses contained in the syllabus are given for better 
understanding of the subject. But, the students are not expected to 
reproduce proofs of all of them. The proofs of those theorems, which are 
expected from the students, are specifically marked in the syllabus by a 
star. While studying the textbooks, students as well as teachers should 
note this fact. 


Prior to publication, the script of this textbook was sent to renowned 
educationists, to experienced teachers:.and to: wellknown authors of 
books in mathematics and their criticism, suggestions and opinions were 
solicited. This textbook is finalized after taking into consideration their 
suggestions and criticism. The Board is whole heartedly thankful to all 
these persons for their sincere suggestions and constructive criticism. The 
Board is grateful to the editor, co-ordinator and members of the Board 
of Studies appointed by the Board; who have extended their co-operation 
by putting their hard work with devotion in the preparation of this book. 


The Board also thanks the Director of the Maharashtra State Bureau. 
of Textbook Production and Curriculum Research, for his co-operation 
in bringing out this book. Thanks are also due to the Controller of the 
Bureau for getting it printed in a nice and attractive form. 
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Chapter 1 


THEOREM OF PYTHAGORAS 


§ 1.1 It is said that the famous Greek Philosopher Plato had displayed 
the following notice on the door of his study-room, ‘A person totally ig- 
norant of geometry need not venture to enter this room.’ This indicates 
the extent of importance that, was given to study of geometry in the an- 
cient Greek civilization. 3 

Another Greek mathematician named Pythagoras lived in the’ sixth 
century B.C. There is a theorem in geometry which goes by his name. It 
is called theorem of Pythagoras. 

The geometrical property stated in his theorem is often used in higher 
mathematics and has wide applications. We are going to study this 
theorem having such a basic importance. 

However, the property stated in this theorem was known to Indians. 
Shulva (800 - 500 B.C.), Boudhayana (800 B.C.) and Katyayana (S00 
B.C.) have mentioned this property in their literature. 


§ 1.2 Some preliminaries: 


(i)-if a square is constructed so that its side is a given segment, that 

square is called the square on the given segment. e.g. Square I in fig 1.1, 
iS a square On the segment AB. 

(ii) Some words in geometry have two connotations. The 


! word ‘side’ in geometry means a segment as well as the 
length of the segment. The meaning of the word has to be 
A 8 \inderstood with reference to its context. | 
Fig. 1.1 


(iii) Just as we denote the vertices of a cree by aie letters such as — 
A,B,C,... the lengths of the sides opposite to these vertices are denoted 
by corresponding small letters a,b,c... 


For example; 
In A ABC, KBC) =a, KAC) = 5b and 
(AB) =c 


Fig. 1.2 


X 
In A XYZ, (YZ)=x, (XZ)=y and (XY) =z. 


a y 


Fig. 1.3 


Y x Z 


§ 1.3 Theorem of Pythagoras is about the area of the squares on the 
sides of a right angled triangle. | 
The statement of the theorem is as follows: _ 
In a right angled triangle, the area of the square on the 
hypotenuse is equal to the sum of the areas of the Squares on | 
the other two sides. 


In fig. 1.4, 4 ABC is a right 
angled triangle. mZ B = 90° . 
Squares on each side of A ABC | 
are marked as ], II and III. By — 
theorem of Pythagoras, ee 
A(square I) = A(square II) © | 
+ A(square III). 


See fig. 1.5. 


Fig. 1.4 


In A ABC, m ZC = 90°," 
using the convention of small 
letters, c is the length of the 
hypotenuse. Area of the square 
on the hypotenuse is c?. Similar- | 
ly, the areas of the squares on 
the other two sides will be a 
and &? respectively. , 
We now, state the theorem of 
Pythagoras as follows: 
 Tfin A ABC, m Z2C=90°, 
then 2 = +6.’ | Fig. 1.5 


If, however, the theorem is stated in the above form its reference to 
geometrical concept of area goes in the back ground, since c2 is read as c 
squared. 

In the.above form, the theorem of Pythagoras can be lees in words 
as follows: | 

‘In a right angled triangle, the square of the hypotenuse i is thie 
sum of the Squares of the other two sides.’ 


Here, you must have understood that the square of the hypotenuse and 
the square of its sides means the square of their lengths. | 

We are going to study different proofs of this theorem later. First we 
shall study its application. | | 


§ 1.4 In fig. 1.6, some right angled triangles are shown. As per the 
theorem of Pythagoras, write the relation between the sides of the right 
angled triangle. As an illustration the relation between the Sides of the 
first triangle is given below. 


x | 
° BS " ie 
Z y 
q? oe p2 + 2? 3 


iii) C Cc iv) AL 
b 


Fig. 1.6 © 3 

(AB) means the length of the segment AB, and its square means 
| (AB) }*. Using this symbol express the theorem of Pythagoras for the 
ever right angled _— by filling up the blanks given below. 


A ((AB)]? =(__] + sins 
B C , 


U 


io” DN, wees coon 


N 
it) Yo faMN) }? = [+2 


5. 
iv) [“PR)17=[ + _] 
Q R 
Fig. 1.7 
§ 1.5 If in A ABC, m ZC = 90° then, c2 = a* + B* ..... ee. (i) 


In this formula, the relation between three sides of a right angles triangle 
is given. Of the three sides, if the lengths of any two sides are known, the 
length of the third side can be determined by the use of the above for- 
mula. 

Generally, the word side of the right angled triangle means the side 
other than the hypotenuse. The word hypotenuse of course means the 
side opposite to the right angle. 7 

From the formula (i) we get, 

DESO =O vicssvesiees (11) 
and @ = c? — Db? ........... (iii) 
In words the above formulae can be read as follows: 


‘In a right angled triangle, if we subtract the square of one 
_ side from the square of the hypotenuse, we get the square of 
- the remaining side’ 
From the data given in the following fisres: find out answers to the 
oe aia 


2 ?P 
AC) = NX (PR) = 
QR | 


re 1.8 Fig. 1.9 
6 (YZ) = 4 (RS) = 
Fig. 1.10 1.11 


5 A (BC) = ? 6 L 

m Z BAC = ? KLN) = ? 

y m Z BCA? Z mZL=? 

B mZN=? 
Fig. 1.12 

Ma _N 
7 U Fig. 1.13 
13 
5 
W (VW) = 


Fig. 1.14 — 


-§ 1.6 Converse of the theorem of Pythagoras: 


@ 
State the theorem of Pytnagotas and its converse in terms of areas in 

‘when.....then’ form. . | 
State the theorem of Pythagoras in ‘when...then’ form in terms of the | 

relation between the lengths of its sides. 
Its converse will be as follows: : 


‘If in a triangle, the square of the length of one of its sides is | 
equal to the sum of the squares of the lengths of the other two 
_ Sides, then the angle opposite to the first side is a right angle’. 


Although the converse theorem can be proved, it is Not Our intention | 
to prove this theorem at this stage. | 
Using the information given below, about the lengths of the sides of 
the triangle, state which angle of the triangle is a right angle. 


(1) @ = & + c?.(2) nm’ = ce + ne 
(3) (APR) ]* = [KPQ]* + [AQR)]? , 
In the following examples, small letters aciots the lengths of the sides. 


State which triangles are right angled triangles. If a triangle is a right 
angled triangle, name the side opposite to the right angle. 


= 3. (2) p=, 


(1) a=3,b=5,c q=4,r=3 — 

(3) u = 8,v = 6,w = 10. (4) 1=4,m=9,n = 12. 
(5) r=5,s = 12,t= 13. (6) 1 =9, m= 41,n = 40. 
(7) a = 30, b = 40,c = 60. (8) p= 16,q = 30, r = 34. 
(9) u=10,v = 24,w= 26. (10) m=25,s = 24,4 = 7. 


§ 1,7 Review of a few properties before proving the theorem of 
Pythagoras: 


As a preparation for the proof of the theorem of Pythagoras, we shall 
first revise some important properties. | 


In fig. 1.15 line U 
x D oe : U = illine v. There is a 
certain relation bet- 
ween the areas of 
the rectangle ABCD, 
the parallelogram 
5B , V  ABLM,the A ABX, 
| A Fig. 1.15 and AABP. State 


this relation. 


When a parallelogram and a triangle stand between the same two 
parallels and on the same base, then the area of the given triangle is half 
of the area of the given parallelogram. 

State a similar property about two parallelograms. 

With reference to the fig. 1.15, fill in the blanks in the following:— 
1. (i) A(DABCD) = A(L...... ). (ii) ACA APB) = ...A(LJABLM). 

(iI) 2escditaeesaes = } A(DABCD). 
2. If ACA APB) = 16, then (i) AAA ABX) = ....... 

(ii) A(LJABCD) = ...... (iii) A(LJABLM) = ...... 
3. If (AB) = 5, KAD) = 4, then 

(i) A(LJABLM) = ...... (ii) ACA AXB) = ...... | 

| ~~ Q § 1.8 Now consider, the outline 

of the proof of the 
theorem of Pythagoras. 


In fig. 1.16, AXYZ is 
a right angled triangle. 
m Z XYZ = 90°. Square 
XZPQ on hypotenuse XZ 
and square YZLM on 
side YZ are constructed. 
They do not instersect the 
interiors of each other 
and the interior of 
AXYZ. 

Now, answer the fol- 
lowing questions: 


1. Do,4 ZLX and square ZLMY stand on the same base and are they 
\ between the same two parallels ? If so, name the parallel lines and 
\the common base. t 


2. Are rectangle SZPR and A YZP between the same two parallels and 
stand on the same base ? If so, name the common base and the 
- parallel lines. — | 
3. To show that rectangle SZPR and square ZLMY are equal in area, is it 
sufficient to show that A ZLX and A YZP are equal in area ? 
4. To show that AYZP and A ZLX are equal in area, is it sufficient to 
~ show that they are congruent ? | | | 
5. side ZP = side XZ .....(why ?) | 
side YZ = side ZL .....(why ?) _ | a 
6. Which angles are included by side X Zand side ZL, and also by side ZP 
and side YZ ? Which is the common angle in the interior of these 
~ angles ? | | 7 i 
Answers to all the above questions lead us to conclude that 
LXZL = Z YZP. | 
“ By S-A-S test; AXZL = AYZP 
~ A(AXZL) = A(A YZP) 
. A(square YZLM) = A(Rectangle SZPR)......(1) | 
Now, fig. 1.16 and fig. 
1.17 are the same. In fig. 
1.17, seg TZ instead of 
seg XL and seg YQ in- © 
stead of seg YP are join- .- 
ed. - » ™ 
From fig. 1.17 you will. 
easily notice the follow- 
ing, = 
AXTZ = AXYQ” 
— (S-A-S test) 


“. A(square TXYU) 
= A(Rectangle XSRQ) 


From (1) and (2) we get, 
A(square TXYU) + A(square YZLM) = A(square XZPQ). 


(2) | Sia Z cc. 60R 


Fig. 1.18 Fig. 1.19 

In the fig. 1.19, four right angled triangles congruent to A ABC are 
placed in such a position that square PQRS, the length of whose side is 
(a+c), 1s formed. In fig. 1.19 it is easily seen that (.]XYZT is a rhombus, 
but to show that itis also a square, we will have to show that one of its 
angles is a right angle. (Try to show this) 

A(square PQRS) = A(square XYZT) + 4 ACA ABC) 
. (a+c)? = b& + 4x sa x C 

a*~+2ac+c? = ph + 2ac 
a* + c2 = b? 
a ae the theorem of — 


KRY 


Fig. 1. 20 Fig. it 

In fig. 1. 21 two right angled triangles congruent to A ABC, are placed 
in such a position that P-Q-R and (PR) = @ + c. In fig. 1.21 prove that 
A TQS 1s a right angled triangle, so that m Z TQS = 90° 

Now, 

A(trapezium PRST) = A(ATQS) + 2 ACA ABC) 
. Sa+c)(at+c) =4b2+2xjaxc 
© a*+2ac + c2 = b2 + 2ac 
a*#+ct = be 
This Is yet another proof of the theorem of Pythagoras. 


« 


§ 1.9 Solved Examples: 
1. [wo parallel poles, perpendicular to the leveled ground, are each 50 m 
nd 55 m high. They are 12 m apart. Find the distance between their 
tbps. 
,) D Given: (AB) = 50, (DC) = 55 and (BC) = 12 
Now, (DE) = (DC) — MEC) = 


A SE | (BC) = (AE) = 
55 A AED is a right angled triangle. 
50 . By PyUiaeotas Theorem, 
| F MAD) ]2 [ (AE) ]? + [ DE)]? 
| — [MAD) } = (12)? + (5)? 
—z = 144 + 25 
Fig. 1.22 = 169 
~ KAD) = 13 


. The distance between the tops of the poles is 13 m. 

2. Two buildings are opposite to each other. Their walls are parallel. A. 
ladder 150 dm long is placed so that its top reaches 144 dm above the 
road. On turning the ladder over to the other side of the street, its top 
reaches a point 42 dm above the road. Find the breadth of the street. 


Given: seg PB is the original positi- 
tion of the ladder and 
seg PD is the later position Ra 
of the ladder. 144 D 
(AB) = 144, (PB) = (PD) | 


= 150 and (DC) = 42 18° 42 
In AAPB, Ge Fig. 1.23 
[“BP)]2 = [ AB) ]2+ [MAP)]}2...... (Theorem of Pytha.) 
“ (150)? = (144)? + [ KAP) ]2 a 
» (150)? — (144)? = [ MAP) }2 
. 42 = KAP) 
Now, in APCD, 
(APD) }* = EDC) ]? + [KPC)]2. ...... (Theorem of Pytha.) 


- (150)* = (42)? + ee 
(150)? — (42)? = [KPC) }? 
-. 144 = KPC) | 
. Width of the road = (AC) 
= (AP) + (PC) 
= 42 + 144 = 186 dm 
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_ Miscellaneous Exercise - 1 


1. The length of the side of a square is 10 cm. Find the length of its 
diagonal. 

2. The length of a diagonal of a square is 16 cm. Find the length bf its 
side. 

3. The length of a side of an equilateral triangle is 8 cm. Find its gow 

4. The length of a side of a square is a. Find the length of its diagonal. 

5. The length of a side of an equilateral triangle is a. Find its height and | 
area. | 

6. The length of a diagonal of a square is 10\/2. Find its Seriniciee 


D 
17 
A 7. In fig. 1.24, if MAB) = 10, (BC) = 15 and 
KAD) = 17, find (DC). 
10 
5 a 
B 15 
Fig. 1.24 


8. In fig. 1.25 (JABCD is a _ | 
trapezium with seg AB ||seg DC, 4 C 
mZ DAB = 45°, 
mZ CBA = 30°, 
(DC) = 4 
and (BC) = 
_ Find AB) and the area 
/ of CJABCD. | Fig. 1.25 


Pp 


9. In APQR, seg PD 1 seg QR. (PQ) = ; 
(PR) = b, (QD) = c and (DR) = 
Prove that, (a + 5) ¢ —-b) =(c+aA)(c- ef 


10 


i in fig. 1.26, ifa = 9, b = 7,c = 6 thend = ? and A(APQR) = ? 


11. In fig. 1.27, m Z ABC = 90° and B-D-C. 
Prove that 


(ABC) }2 + [AD) }? 
[MAC) ]2 + [BD)] 2 


a 1.27 


12. In AABC, m ZC = 90°, (AB) = c, (BC) = aand (CA) = Db. Pro- 


13. 


ve that ka, kb, kc are also the sides of a right angled. triangle. 

[ If three numbers are related by Pythagoras theorem, then the three 
numbers are known as a triplet of Pythagoras. Since, 52 = 42 + 32, 
we have 3, 4, 5 as a triplet of Pythagoras. ] 


Length of the side Hypotenuse] In the table some triplets of 
wrist [and Pythagoras are given. Study 
the table and find out the 


remaining triplets. 


Z 


) 
wd 
o) 


The triplets. of Byhaporic can be obtained from the following 


one expression, which is to be interpreted as a vulgar fraction, 


NaI: 


In this expression if 1 is a natural number, we get the lengths 


of the three sides of a right angled triangle as follows: 


° _ n ae 1 _ 4 . e 
Puttingn = l,nz-5 = 13 = 3- The first number 3 appears in 


the. denominator, the second number is 4 in the numerator. The 
third number 5 (hypotenuse) is ne by adding ! to the number 
in the numerator i.e. 4 + 1 = 


Putting n = 2,n5-4 = 22 2 12 Then the triplet of Pythagorgs 


is (5, 12, 13) 


14. Application of the theorem of Pythagoras. 


B<-a- - %~——> Daeoe 
Fig. 1.28 
In AADC, 


Be a XP BEE sasctes 


From (1) and (2) we get, 


c2 = aq? — 2ax + 
[(AB)]? = [KBC)]? 

(b) «8 ABC is an obtuse angled 

triangle, with Z ACB as obtuse. 

Seg AD line BC. Small letters 
denote the lengths of the sides. 


In AABC, ZC is an acute anfle, 
seg AD + seg BC. Small letters infthe 
fig. 1.28 denote the lengths ofthe 
sides. Using the theorem of Pytha- 
goras, fill in the blanks given below. 
In AADB, 

c* = (a — x)* + 


. ce? = qz@— 2ax +x24 (1) 


bas (3) | 
((AC)]* — 2 [KBC) x MDC) } 


A 


_ Fill in the blanks by applying 
the theorem of Pythagoras to 


right angled triangles in fig. 1.29. 


In AADB, 


c=@+x?+ lL __] 


D—x— C~<—a-— > B 


Fig. 1.29 


es @etaxrt eel dd) 


In AADC 


b= x2 +] we. 


From (1) and (2) 
c2 = a2 + 2ax + 


[MAB)]* = [BC)]? + 


15. Theorem of Appollonius: 
A 


B D 
Fig. 1.30 


[MAC)]? + 2 [ (BC) x KCD) |] 


In A ABC, point D is the mid- — 
point of side BC. We, then, 
have the following property, 

[ (AB)]? + + [Hac |? 

2 [ KAD) ]? + 2[ (DO }? 
This is known as the theorem 
of Appollonius. Solve the ex- 
ample below as an application 
of this theorem. 
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25. 


26. 


If in AABC, XAB) = 4, (AC) = 6, KDC) = 4 then, find KAD). 
Q 


T In APQR, m Z QRP = 90° seg RT 1 
5 seg QP, (QR) = 5, (RP) = 12. Find 
(i) (QP), Gi) (RT). 
12 
Fig. 1.31 


Ind PQR, point S is the mid point of the side QR. (QP) = 
(PR) = 17, (PS) = 13. Find (QR). 


. In AABC, m ZB = 90°, (AB) = 6, (BC) = 8. What is the length 


of the median drawn from the point B on the side AC ? 


. Ina right angled triangle the length of the hypotenuse is 65 cm. and 


the length of one of the perpendicular sides is 16cm. Find the area of 
the triangle. 


. Use the fact (5)? + (2)? = 29, to construct a segment of length 29. 
. _J ABCD is a trapezium in which seg AB || seg DC, seg DE + 


seg AB, A-E-B. (AD) = 10, (DC) = 12, (CB) = 17, (AE) = 
Then find A(()ABCD). 


. In AABC, (AB) = 10, (AC) = 7 and (BC) = 5, Find the length of 


the median drawn from the point Cto the side AB. 


. In APQR, side PS is the median. If (PS) = 4 


and | PQ)]*'+ [| PR)]* = 130. Find (QR). 


. The length of each side of a rhombus is 10 cm and the length of one 


of its diagonals is 12 cm. What is the area of the rhombus ? 
In a trapezium ABCD, D Cc 
seg AB’ || seg DC. 
seg BD 1+ seg AD. 
seg AC - seg BC. 15 15 
If (AD) = 15, (BC) = 
(AB) = 25 then find 
A(LJABCD). 
A 25 B 
Fig. 1.32 
If the diagonals of a quadrilateral intersect at right angles, prove that 
the sum of the squares of a pair of opposite sides is equal to the sum 
of the squares of the other pair. 


Oo oO Qa 


Chapter 2 
CIRCLE 


§ 2.1 Circle-radius-centre. 


You know how to draw a circle. So, draw a neat circle on the plane of 
a paper. Now answer the following: 

While you were drawing the circle, 
(i) did the distance between the two ends of your 
compass change ? [ Ans : No] 
(ii) Of the two ends of your compass did some end 
remain fixed ? [ Ans : Yes } 
Which one ? [ Ans : the end without pencil ] 


Fig. 2.1 
Look at the figure you have drawn, observe that 
(i) The figure of a circle is a closed figure. 
(ii) The entire figure is in the plane of the paper 
(ili) The point at which one end of your compass remained fixed is such 
that any point of the figure is at the same distance from this point. 
There is no other point in the plane of the figure which has this pro- 
perty. 
SO, | | 
‘A circle is a set of points in a plane such that any point of this 
set is at a fixed distance from a fixed point of the plane.’ 
‘Centre of a circle is a fixed point in the plane of the circle 
such that any point of the circle is at a fixed distance from it.’ 


‘Radius of a circle is the distance between the centre of that 
circle and any point of it.’ 


A circle in a plane is determined if its centre and radius is known. 

Sometimes however the word radius is used in a sense different from 
the one given above. 

A segment joining the centre of a circle to any point on the circle is also 
called a radius of the circle. 

Mostly the context in which the term is used makes its sense clear. 


§ 2.2 Some explanation about terms: 


A point of a circle is said to lie on that circle. We also say that a circle 
passes through a point which lies on it. 
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_ The end point of a radius of a circle which lies on the circle is said to be 
the outer end of that radius. | : 


In the given fig. (2.2), P is the centre of a circle. Points P and R appear 
to be inside the circle, Q appears to be on it, whereas S appears to be out- 
side the circle. 7 


5 Q if you now measure d(P,R) it will be less than the 
: radius of the circle. Similarly, if you measure d(P,S) 
it will be greater than the radius of the circle. Thus 
for any point R of the plane if d(P,R) < radius, R 
will be inside the circle. Similarly for any point S of 
the plane if d(P,S) > radius, S will' be outside the 


Fig. 2.2 circle. 


When R is a point in the plane of a circle such that its distance from its 
centre is less than its radius, R is said to be inside the circle, or to be in the 
interior of the circle. 3 | 

When R isa point in the plane of a circle such that its distance from the 
centre is greater than its radius, R is said to be outside the circle or to be 
in the exterior of the circle. 

A point of a circle is neither in its inside nor in its outside. 

‘Because of a circle, the set of points in the plane of the circle is divided 
into three disjoint sets as follows: 

(i) set of points lying inside a circle. 
(ii) set of points lying on the circle. 
(iii) set of points lying outside the circle. 
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The set of points lying on a circle together with the 
set of points lying inside it form a circular region or 

adisc, ES 

The distinction between the meanings of the terms \ 2/5. SESEES5 
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(i) a circle (ii) a circular region should clearly be ES 
— understood. | 
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§ 2.3 Circles passing through given points: 


Given a set of points in a plane we wish to decide whether a circle can 
be drawn in this plane passing through the given points. If the answer is 
yes we also wish to decide on the number of such circles. We will restrict 
our discussion to the following cases. 


i) 


(a) Given a point P in a plane. Consider a point Q in the same plane 
other than P. We see that with Q as 
centre and a(P,Q) as radius if a cir- 
cle is drawn it will pass through P. 

Q\ Since this is true for every point in 
the plane, other than P, it is clear 
that infinite number of circles can 
be drawn passing through a given 
point of a plane. 

Fig. 2.4 


(b) Given two points P & Q in the plane. 


We know that all points on the perpendicular ax 
bisector of seg PQ are equidistant from P and Q. So | 
with any point R on the perpendicular bisector of seg P iia ili. Q 
PQ as centre and d(P,R) or a(Q,R) as radius «f a cir- < i, 
cle is drawn it will pass through both points P and Q. 
From this it is clear that infinite number of circles 
can be drawn passing through two given points in a 
plane. Fig. 2.5 


(c) Given three collinear points P, Q and R. 


We know that any point on 
the perpendicular bisector of seg 
PQ is a centre of a circle which 
will pass through points P & Q. 
Similarly any point on _ the 
perpendicular bisector of seg 
QR is a centre of a circle which 

Fig. 2.6 will pass through the points Q 
and R. Let line L be the perpendicular bisector of seg PQ and line M be 
the perpendicular bisector of seg QR. Since points P,Q and R are col- 
linear seg PQ and seg QR are segments of the same line. Line L and line 
M are perpendicular to the same line on which given points P, Q and R 
lie. Therefore line L is parallel to line M. Being parallel these lines do not 
have a common point. Thus we can not find a point which will serve as a 
centre of a circle which will pass through points P, Q and R. 

There is no circle which passes through three given collinear points. 
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(d) Given three non-collinear points A, B and C. 

The centre of a circle passing through the 
points A, B and C which are non-collinear would 
lie on perpendicular bisector L of seg AB and 

/\ perpendicular bisector M of seg BC. It can be 

A [\ shown that lines L and M are non-parallel. 

Hence, they intersect in exactly one point. This 

QA point obviously has the property that it is equi- 

distant from points A, B and C. If this point is 

_ Fig. 2.77 named as P we see that a circle drawn with P as 

centre and d(P,A) = a(P,B) = d(P,C) as radius, this circle has to pass 

through the points A, B and C. So, one and only one circle can be drawn 
passing through these given non-collinear points. 

In other words, 


Given three non-collinear points there is one and only one cir- 
cle which passes through these points. 


We know that the vertices of a triangle are three non-collinear points. 
So we can always have a circle passing through the A 
vertices of a triangle. In other words with every 
triangle we can associate a circle which passes 
through its vertices. Such a circle 1s called the cir- 
-cumcircle of a given triangle and its centre is called 


circumcentre. | B 7 C 


Fig. 2.8 
(e) Given four points in a plane. — 
S R R as It is clear that if 
any three of these . 
four points are 
collinear no circle 
can be drawn 


Q which wi 

ch will pass 

P QP Q Pp through these 
Fig. 2.9 points. When no 


three of these four points are collinear,only in special circumstances we 
can draw a circle which will pass through all the four points, 


When four or more points lie on the same circle they are said to be con- 
cyclic. 


ww: 


LF) 


Exercise 2.1 


. State which of the following statements are true or false. Correct those 


statements which are false. 

(a) A circle is a set of points at a fixed distance from a fixed point. 
(b) A point of a circle is inside a circle. 

(c) There are only a finite number of points inside a circle. 


. Explain why the following figures are not the figures of a circle: 


OOS 


Fig. 2.10 


. Given a circle C with the centre P and radius r, if P-Q-R and R is in- 


side a circle, show that Q is also in its inside. 
Given a circle C with centre O and a point A on it. If A-O-B and B is 
outside the circle show that d(A,B) > 2 (radius of C). 


. Given a circle C with centre O and radius r and points A and B inside 


_ the circle C. Show (AB) < 2r. 


A 


7. 


8. 


(Hint : Use triangle inequality) 
| 6. In the given figure if radius = r 
show AB) < 2r. When will 
(AB) be equal to 27? In the 
| same figure if A-C-B, show that 
B C is inside the circle. 


Fig. 2.11 
Given a line L and points A, B as in fig. 2.12. \L 
Find a point P on L such that ((PA) = /(PB). 


B 


-P Fig. 2.12 


Given a line L and points A and Bas in fig. 2.13. Find a point P on L 
such that (PA) = / (PB). 


B 
e 
Fig. 2.13 


9. Lines L and M intersect in point Q as shown in the figure. P is on the 
| _{ bisector of an angle at Q. Find a point 
A onl anc a point B on M such that 


M A 


Fig. 2.14¢ 


10. Given three non-collinear points A, B and 
C as in fig. 2.15. State how you will find a 
point P such that (PA) = (PB) = (PC). 8° Te 
Fig. 2.15 
§ 2.4 Some more terms: | 


(a) The term congruent circles means 
circles having the same radius. 


Fig. 2.16 (a) 


(b) Concentric circles means circles hav- 
ing the same centre but different radii. 


| Fig. 16 (b) 
-(c) Chord of a circle means a segment whose end points are on the 
given circle. In fig. 2.16 seg AB, seg CD 
are chords of the given circle whereas seg 


_ PB, seg EF and seg GH are not chords.of 
the given circle. 


Fig. 2.16(c) 

(d) diameter of a circle means a chord of a circle which passes through 

its centre. In fig. 2.16 (c) chord AB is a diameter where as chord CD is 
not a diameter. 
§ 2.5 Observe that a circle seems to be symmetrically placed about its 
diameter. A line containing a diameter of a circle is called an axis of sym- 
metry of that circle. In your previous years you have seen how on the 
basis of symmetry many properties about a circle could be infered. We 
shall study those properties and some more in the next few articles. 
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§ 2.6 Theorem: 


The line joining the centre of a circle and the midpoint of its chord is 
perpendicular to the chord. 
Given 
(1) A circle with centre P and radius r. 
(2) A chord AB. 


(3) C the mid-point of the chord AB 
YAW f i.e. seg CA = seg CB. 
p NC ¥_ To prove: seg PC 1 chord AB. 
Fig. 2.17 Proof: Consider A PCA and A PCB. We have, 
— seg PA = seg PB (radii of the same circle) 
seg AC = seg CB (Given), seg PC = seg PC 
. APCA = APCB (SSS congruence) 
Z PCA = Z PCB (corresponding angles of congruent triangles) 
But, m Z PCA + m Z PCB = 180° (Angles of linear pair) 
- 2m ZPCA = 180° 
. m LPCAs= m Z PCB = 90° 
. seg PC 1 chord AB. 
We may prove the above theorem also as follows 
seg AP = seg BP (radii of the same circle) 
seg AC = seg BC (Given) 
So points P and C are both equidistant from points A & B. 
-. Points P and C lie on the perpendicalar bisector of seg AB. 
. seg PC 1 chord AB. 
§ 2.7 The converse of the theorem in § 2.6 is also true. Below we state the 
converse and prove it. 
Theorem: The perpendicular from the centre of a circle to its chord 
bisects the chord. 7 
Given: 1. A circle with centre P and radius r 
2. A chord AB 
3. seg PC + chord AB 
where C is on chord AB 
i.e. ZPCA =Z PCB 


Fig. 2.18 
To prove: C is the midpoint of the chord i.e. seg AC = seg CB. 
Proof: In right angled triangles APCA and APCB 
seg PA = seg PB (radii of the same circle) — 
seg PC =seg PC (Given) 
APCA = APCB (Hypo.—side theorem) | 
.. seg CA & seg CB (corresponding sides of congruent triangles.) 
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Exercise — 2.2 


1. Given: radius PQ = 10 


(QR) = 12 
Find : (PM) 
Fig. 2.19 2. Given: radius = 6 
(AD) = 3 
Find: (BC) A Zs an 
3. Given: centre M Fig. 2.20 
h MR) = 8 
POR (PQ) = 8 - 
Find: radius ° | 


Fig. 2.21 
4. Given: centre O 
| m Z AOB = 60° 
(AO) = 4 
Find: distance of chord AB from O. 


| Fig. 2.22 
' §, Given: centre S | 
m Z RST = 120°, radius = 10 
| Find: (i) (RT) 
(1i) distance of S from seg RT. 


a, 2.23 

6. Given a chord EF of length g of circle with centre D anid radius 5. Find 
the distance of the chord from the centre. 

7. Given a chord AB of length 10 of a circle with centreO and m Z OAB 
= 45°. Find the radius of the circle. 

8. In the adjoining fig. C, and C 
C, are congruent circles. 
Chord AB of C, = chord CD 
of C,. Point P is the centre of 
C,. Point Q is the centre of 
C,. seg PM 1 chord AB with Ps : Zo 
M on chord AB. seg QN 1 A B & 
chord CD with N on chord a Sh 


CD. Fig. 2.24 


Co 


2! 


Aim: to prove that seg PM = seg QN. 8 
Hint: Use Hypotenuse side theorem to show first that AAPM = ACQN 
| Congruent chords of congruent circles are equidistant from _their 
respective centres. ] | ! 
9, In the adjoining fig. C, is a circle with cen- 
tre P. Chord AB = chord CD. 
seg PM 1 chord AB with M on chord AB. 
seg PN Ll chord CD with N on chord CD. 
Aim: to prove that seg PM = seg PN 
[ Congruent chords of the same circle are | 
equidistant from the centre. | 


aN a 10. Given: centre P 


7 seg AB = seg CD 
_ | seg PM 1 seg AB 
, | - (PM) = 4, (PC) = 5 
: amas Find: (CD) 
Supplying the proof by filling the blanks. 


By observing the given diagram and after reading carefully the infor- 
mation supplied, you know how to fill in the blanks and complete the 
Steps in the proof of a given geometrical property. Below are some ex- 
amples in v hich you are required to fill in the blanks properly to com- 
p'ete the given proof. | 7 | 


11. Given: ciicle with centre O 
seg PR = seg PS 
seg OM 1 chord PS, P-M-S 
‘seg ON  churd PR, P-N-R 


- | | P Fig. 2.27 
To prove: 2 OPM = Z OPN. 7 
Proof: Consider A OPM and AOPN, 
seg OM = seg_ _ _ _ _ (congruent chords are equidistant from the 
centre.) 
seg PM = seg_ _ _ _ _ (Perpendicular from the centre to the chord 
| | — bisects the chord.) 
seg OP =_ _ _ _ _ _ 
AOPM = AOPN 
Z OPM = Z___ _ (corresponding angles of congruent triangles) 
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(If congruent chords of a circle intersect on a point of the cir- 
cle the centre of the circle lies on the bisector of the angle 
made by the chords.) | 
12. Given: In the adjoining figure of a circle 
. with centre O, chord AB and 
chord CD intersect at a point P in- 
side the circle and chord AB = 
chord CD. 
seg OM . chord AB, A-M-B. 
seg ON 1 chord CD, C-N-D. 
To prove: |. seg PA = seg PD. 
2. seg PB = seg PC 
| 3. ZOPA = ZOPD 
Proof: In OPM «<— OPN 
seg OM. = seg__._— (congruent chords are equidistant from the 
| | centre) 


Fig. 2.28 


seg OP = seg_ _ _ 
AOPM = A OPN (Hypo-side theorem) 
. seg PM = seg__ —_ (corresponding sides of congruent 
| | triangles) 
Now seg MA = seg ND (bisected segments of congruent segments) 
I(PM) + (MA) = /C _.) + AND) 


(PA) = KPD) (P-M-A and_ _ _ _ ) 

Also, (AB) = (CD) —— given 

So, (AB) — (PA) = KCD) — (PD) 

Also, ZOPA = Z_____. (corresponding angles of congruent 


triangles) 


[If two congruent chords of a circle intersect inside a circle parts of one 
chord made by the point of intersection are congruent respectively to 
parts of the other. The centre of the circle lies on the bisector of that 
angle made by the chords which contains the centre in its interior.) 


13. Radius of the circle with centre P is 6. 
~ (chord AB) = 8, Achord CD) = 6. 

seg PM 1 chord AB, A-M-B. 

seg PN - chord CD, C-N-D. 

find (PM), (PN). Compare their lengths. 


Fig. 2.29 
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14. Given: In a circle with centre P, 
(chord AB) = 2x, (chord CD) = 2y and 
x >y 
Li.e. chord AB > chord CD ] 
seg PM + chord AB, A-M-B. 
seg PN 1 chord CD, C-N-D. 
(PM) = a, (PN) =b, KAP) = KCP)=r. 


Fig. 2.30 To prove: a < b. 


Proof: from right angled triangles, A APM & A PCN we have 
r= @2+ x2 = b2 + y?2 


a ee ee rs I 
ake [| (Given) 
= ES 


a ae 
“B= E> 0 
. b> ~— (from I) 


." ax b. 


[ If two chords of a circle are unequal in length, larger chord 
is nearer to the the centre than the smaller one. ] 
15. Use ex. (14) to show that diameter of a circle is the largest of all the 
chords of the circle. 


16. Given: Two concentric circles with centre P have A, B, C, D as the 

points of intersection with line L as 

: shown in fig. (AD) = 12, (BC) = 

To prove: (AB) = (CD) = A 

(AC) = (BD) = 

(Hint: Let seg PM be eka to 
line L with M on L and use the pro- 
perty that the perpendicular from 
the centre bisects the chord.) 


Fig. 2.31 


17. The eaniis of the adjacent sides of a rectangle ABCD are 3 cm and 4 
cm respectively. Find the radius of the circle passing through its ver- 
tices. 
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§ 2.8 Semicircle 

A line containing the diameter of a circle as we know 
is the axis of symmetry for the circle. Points of the 
circle lying or one side of the axis together with end 
points of the diameter are said to be on a semicircle. 


a | Fig. 2.32 


If seg AB is a chord of a circle on which P is any 
point dDther than A and B, we say that chord AB 
A 'B subtends Z APBat P. Z APB is suc to be subtend- : 
ed by the chord AB. 
Fig. 2.34 . 
In the adjoining figure of a circle with O as centre 


seg AB Is a diameter. P is any point on the circle. 
Measures of angles are shown by letters. Since sum 
of the measures of angles of.’ APB is 180° we have, A 


“ x + y + (x + y) = 180° 7 B 
 2(% + y) = 180° —P 
i x + y aa 90° 2 


» m ZL APB =90° Fig. 2.34 
We have the following very important property: 


‘‘Diameter of a circle subtends a a Tight angle at a point on the 
circle.’’ 


When expressed in ‘when-then’ form the above property reads as, 


‘“When a diameter of a circle subtends an angle at a point on 
the circle then that angle is a right angle.’’ 


Now, it is possible for us to write the converse of the above statement 
which is as follows. i 
When a segment subtends a right angle at a point, the point lies on the 
circle with given segment as diameter. 
fe You know that the median to the 
hypotenuse of a right angled triangle has half 
the length of the hypotenuse. 
Therefore, when a segment AB subtends a 


A B right angle at P and O is the midpoint of seg 
O - AB we have | 
Fig. 2.35 (OP) = MOA) = MOB) 
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So, 

With centre O and ((OA) as radius if a circle i is drawn this circle will 
pass through P. 

Now that we iow that a diameter of a circle subtends a right angle at 
any point of it, it would be interesting to find out as to what type of angle 
a diameter will subtend at a point when this point is outside or inside the 
circle. 

In fig. 2.36 chord AB is a diameter of the 


Q 
| circle. P is any point inside the circle. Ray AP 
‘aia intersects the circle in Q. m Z AQB = 90°. 
A B By exterior angle theorem of a triangle, 


m ZAPB >m Z AQB 
m Z APB > 90° 


Fig. 2.36 . Z APB 1s obtuse. 


Hence a diameter of a circle subtends an ob- 
tuse angle at a point inside a circle. | P 
In the adjoining fig.(2.37) chord AB is a 
diamter of a circle and point P is outside a circle. Q 
Let side AB intersect the circle in Q. Join Q to B. 
Again applying exterior angle theorem to ABQP A 
we have 
’ m 2 AQB >m Z QPB 
. 90° > m Z APB 
Diameter of a circle subtends an acute angle at 
a point P outside the circle. Fig. 2.37 


§ 2.9 About a secant and tangent: 


We now study a circle in relation to lines in its plane. 
Given a circle C and a line L in the plane of the circle we see that three 
types of situations arise as shown in the figures below. 


L 
L 
€ C 
Fig. 2.38 () i) . (iii) 
L intersects C in L intersects Cin _L intersects C in. 
two points. one point, no point 
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Since, no circle passes through three collinear points no line will in- 
tersect a circle in more than two point. When a line intersects a circle 
in two distinct points it is said to be a SECANT of the circle. 

When a line intersects a circle in one and only one point it is said to be 
a TANGENT-LINE to the circle. It is also said to be tangent to the circle. 

From the figure we Observe the following: 

When a line is a secant of a circle it has some points inside the circle, 
whereas when a line is tangent to the circle it has no points inside the cir- 
cle. In fact the following statement can be proved, although we will not 
be interested in its proof at this stage. 


‘‘When one point of a given line in the plane of a circle is in- 
side the circle, then the line intersects the circle in exactly two 
points,’’ 


When a line intersects a circle in one and only one point the point is 
called a point of contact. The point of contact is the only point which is 
common to the tangent line and the circle. This also means that every 
point of a tangent line to a circle except the point 
of contact lies outside the circle. Since, every 
point outside a circle is from its centre at a 
distance greater than the radius of the circle, it is 
clear that of all the points of a tangent iine toa 
circle the point of contact is the nearest tothe 
centre of the circle. This discussion leads to the 


Fig. 2.39 following theorem. 


§ 2.10 Theorem: 


A line perpendicular to a radius of a circle at its outer end is tangent to 
the circle. 


Given : 
1) A circle C with centre P and C 
‘radius 7. 
2) A point O on C. 
3) A line T perpendicular to | 
radius PQ at Q. T 
To prove: The line T is tangent to Q R 
the circle C at Q. Fig. 2.40 
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Proof: Take a point R other than Q on the line T. Since seg PQ is 1 to 
line T it is the shortest segment from P to the line T. 
- (PR) > (PQ) 
I(PR) > fr. i 
This shows that the point R is outside the circle. 
This is true for every point of the line T other than the point Q. 
. Qis the one and ia one point which is common to line T and the 
Circle C. 
. Line T is tangent to the circle C. 


5 211 Converse of the above theorem is as follows: 


_ Theorem: When a line is a tangent line of a circle then that line is perpen- 
dicular to the radius of the circle at its point of contact. 

We know that the point of contact of a tangent line of a circle is that 
point of the line which is nearest to the centre. In other words the seg- 
ment joining the centre with the point of contact is the shortest segment 
from the centre to the line and is therefore perpendicular to the tangent 
line. 

This property gives us a method of constructing a tangent line having a 
given point of the circle as a point of contact. 

All that we have to do is to draw a line through the given point poven: 
dicular to the radius at the given point. | 

Since one and only one perpendicular can be drawn to a given line at a 
point on it we see that one and only one tangent line can be drawn pass- 
_ ing through a given point on a circle. 


Exercise 2.4 


1. Frame true sentences by simply combining suitable words given in 
three groups A, B, C. : | 


No point of a : on the circle 
One point ofa tangent lie(s) 


Two points of a | inside the circle 
Infinite points of a secant lie(s) 


~ outside the circle 


e.g.No point of a tangent to a circle lies inside the circle. 
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2. P is the centre of a cirlce of radius 5. Match the following: 


The line L whose distance from P is 6 | is a tangent. 
The line M whose distance from P is 5} is a secant. 


The line N whose distance from P is 4] is neither a secant nor a | 
tangent to the circle. 


3. State whether the following statements are true or false. Correct the 
. statements in case they are false. 
(a) A line perpendicular to a radius of a circle is a tangent to the circle. 
(b) A secant of a circle is coplanar with the circle. 
(c) All tangents of a circle are equidistant from its centre. 
4. Given: circle with centre O, : 
chord AB || chord CD. M is the mid point of AM NS B 


chord AB. N is midpoint of chord CD. 
To prove: O lies on seg MN. — 
[ Hint: Join MO. Produce seg MO to meet C D 
chord CD in P and show that P is not different aT, 
from N. J B Fig. 2.41 


5. Given: A circle with diameter AD. 
KAD) = 10, mZ BAD = 30° 
(AB) = (AC), (BD) = KCD) 


A Find: (i) perimeter of () ABDC 
| (ii) Area of [] ABDC | 
Fig. 2.42 C N | 
6. Given: A circle with centre P 
chord MN = chord ML : 
seg PQ 1 chord MN Qr-F L 
seg PR 1 chordML | \ ; 
To prove: seg QN = seg RL. _oM < Fig. 2.43 
7. Show that midpoints of congruent chords of a circle lie on another 
circle. 
R Q 


8. Given: two concentric circles as in fig. 2.44. 
chord PQ = chord RS. 
P 5S To prove: chord AB = chord XY. 
Fig. 2.44 
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9. Given: i) a circle with centre P and radius 6 
ii) APAB, (AB) = 6, A(APAB) = 15 
show : line AB is secant of the circle. 
10. Given: i) a circle with centre P and radius o. 
ii) APCD, (CD) = 6, ACA PCD) = 18 
Show : line CD is a tangent to the circle. 
11. Given: 1) a circle with centre P and radius 6 
11) APCD is a 30-60-90 triangle. 
iii) A(APCD) = 323. | 
show : line CD is neither a secant nor a tangent line of the circle. 


§ 2.12 Two or more coplanar circles: 


We have seen that one and only one circle passes through three given 
non-collinear points. As a consequence of this property two different 
circles can not intersect in more than two points. 

Given two circles in the same plane we have the following situations as 
shown in figures: below. 


CD OC 


Fig. 2.45 (i) Fig. 2.45 (iia ° 
Fig. 2.45 (ii)b Fig. 2.45 (iii)e C) 
Fig. 2.45 (iii)d 


(i) two circles intersect in two points. 

(ii) two circles intersect in one point. 

(iii) two circles do not intersect i.e. two circles do not have any point in 
common. 
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When two circles intersect each other in one and only one point we say 
that the two circles toch each other or that they are tangent to each 
other. We refer to such circles as tangent circles. When two circles touch 
each other their common point is called a point of contact. 


Two non-coplanar circles may touch each other but when two 
.coplanar circles touch each other they do so either Anternally or 
externally. 


COICO. 


Fig. 2.46 


If we observe two coplanar circles touching each other we see that 
there is always a line which is tangent to both the circles at their point of 
contact. On the other hand whenever there is line which is tangent to two 
circles at their common point, this point is the only point which is com- 
mon to both and consequently the two circles are tangent to each other. 


Thus two circles touch each other when and only when there is a line 
which is tangent to both the circles at a common point. 


§ 2.13 Two circles intersecting in two distinct points: 


Cy C In the adjoining fig (2.47) circle C, with 
2 centre P and circle C, with centre Q in- 

K tersect in points A and B as shown. 
Point P is equidistant from points A 
\Y and B. Point Q is equidistant from points 

A and B. 
So points P and Q lie on the perpen- 
Fig. 2.47 dicular bisector of the common chord AB. 
So we have, 


If two coplanar circles intersect in twodistinct points the line joining 
their centres is the perpendicular bisector of the segment joining the 
points of intersection. 
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§ 2.14 Two circles touching each other (internally or externally): 


C; T In the fig. 2.48 (a) & (b) two circles, circle C, 


with centre P and circle C, with centre Q are 
( N shown. Line T is the tangent line to both the 
Wey R circles at R, the point of contact. Line T is + to 


the radius of C, at R and line T 1s perpendicular 
to the radius of C, at R. But one and only one 
line can be drawn perpendicular to T at R. 


Fig. 2.48(a) 
oF T 


Thus, 

When two circles touch each other, 
their centres and the point of contact lie 
on a line perpendicular to the common 
tangent at the point of contact. 


Fig. 2.48(5) 


vy 
§ 2.15 Tangents to a circle from a point outside: 
In fig. 2.49, C is a circle with centre P. 

Q is a point outside C. seg RQ 
and seg SQ_ are tangent — 
- segments to the circle at the 
points R and §S respectively. 
Since radius PR tline QR atR 
and radius PS line QS at S, 
seg PQ subtends right angles at 
the points Rand S, these points 
lie on a circle with seg PQ as 
diameter. 


In right angled triangles, A PRQ and ar 
seg PR = seg PS 
seg PQ = seg PQ 
. APRQ = APSQ (Hypo — side theorem) 
. seg QR = seg QS (corresponding sides of congruent triangles) 


Fig. 2.49» 
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Thus we have, 

From an external point of a circle two tangent segments to the circle 
can be drawn. These tangent segments are congruent and therefore have 
equal lengths. 

In the above diagram show further that line PQ bisects Z nee 
Exercise 2.5 


1. Given a circle with centre P and radius 7. How many tangents to the 
circle can be drawn, | 
(i) through Q if d(P,Q) = 6 ? (why ?) 
(ii) through R if d(P,R) = 7 ? (why 7) 
(iii) through S if d(P,S) = 8 ? (why ?) | 
Given two circles with centres P and Q and radii 8 and.5 respectively. 
In how many points will they intersect if the distance between their 
centres is— | 
(i) equal to the sum of their radii, 8 + 5 = 13. 
(ii) equal to the difference of their radii, 8 — 5 = 3. 
(iii) less than 13 but greater than 3. (iv) zero. 
3. In fig. 2.50 seg AB and seg AC are tangent segments to the circle 
with centre P. 
Prove : (i) (AB) = MAC) 
Gi) Z BAP = Z CAP. 


y Mt 


Fig. 2.50 


In fig. 2.51, sides AB, BC, CD and DA. of 
[JABCD touch a circle in P, Q, R, and S respec- 
tively, 


Show that, (AD) + (BC) = (AB) + (DC) 


on 
Fig. 2.51 
5. In the figre 2.52 the sides of AABC 
touch the circle with centre O 
and radius r at P,Q and R. 
show that, : 
(1) (AB) qe ne KAC) + BQ) 
(2) A(A OBC) = x (BC) x r. 
(3) A(A ABC) = 5 l (perimeter of 
AABC) xr Fig. 2.52 
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6. In fig. 2.53 tangents at points M and N of a circle intersect at P. 
m Z MPN = 60° 

I(NM) = 10. Find— 

(i) radius of the circle 

(ii) Area of (JOMPN; 


if O is the centre. 


N 
Fig. 2.53 


7. In fig. 2.54, a circle touches the side BC of a 
.\ ABC at P and side AB and side AC produced Q 
at Q and R respectively. 

Prove that (AQ) = + (perimeter A ABC) 


8. Given : 1. A circle with centre O and radius r 
2. P is a point in the exterior of the circle. 
3. (OP) = 2rand side PA, side PB are tangents to the circle at 
points A and B of it. 
Prove : 1. AABP is an equilateral triangle. 
2. seg OP is perpendicular bisector of seg AB. 


Fig. 2.54 


B A Line L touches the circles with. 
L centres P and Q at the points A 
and B respectively and line M 
touches them at points C and D 
-respectively. 
7 Prove: (AB) = (CD) 
M OD Fig. 2.55 


10. In fig. 2.55, find A(_JPABQ), if (AB) = 10 and radii of the circles 
are 4 and 2 respectively. 


11. Given: 1) Two circles with centres P © 
and Q respectively touch at 

6 fie 
2) Line L touches both the cir- 
cles at A and B resepectively. 
3) Tangent at T intersects line 

Lat C. 

Show: (1) C is the mid point of seg AB. 
(2) seg BT 1 seg AT. Fig. 2.56 
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12. 


13. 


14, 


In fig. 2.56, if m Z BTQ = 45° show that the two circles are con- 
gruent. 

In fig. 2.56, m Z BTQ = 45° and if radii of both the circles are 5 
each, find A(_JQPAB). 
Given: 

(1) Two circles with 
centres P and Q0 
respectively. 
(2) Lines ABC and 
ADE are tangents 
to them at points 
B, C and points D, 
E respectively. 


A 


Fig. 2.57 


Show: Points A, P and Q are collinear. 


15. 


16. 


17. 


18. 


19. 


There are two circles, one with centre 
P and radius 4 and another with centre 
Q and radius 8. Lines AB and CD are 
tangents to both the circles intersecting 
at E, points A,B,C,D having points of 
contact as in fig. 2.58. If (PE) = 5, 
(EQ) = 10. Find: (a) (AB); (b) (CD). 


Fig. 2.58 


Three circles with centres P, Q 

and R touch externally. 

If (PQ) = 5, (QR) = 7 and (PR) = 
Find the radius of each circle. 


If all the sides of a parallelogram touch a circle then show that the 
parallelogram is a rhombus. 

Of the two congruent circles of radii 5, each passes through the cen- 
tre of the other and intersect at P and Q. If the centres are denoted by 
A and B,find the area of rhombus APBQ. 

In a circle with centre P, seg AB is a diameter and seg AC is any 
other chord. A secant through P parallel to seg AC intersects the 
tangent at C in a point D. Prove that line DB is a tangent to the circle 
at B. 
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20. 


Two circles touch at T and th smaller circle with centre A passes 
through B, the entre of the le ger circle. Prove that the smaller cir- 
cle bisects any ‘hord of the larger circle which passes through T. 


Miscellaneous Excercise - 2 


. Find the radius of the circle touching the sides of any equilateral — 


triangle of perimeter 18. Also find the radius of the circumcircle of 
that triangle. 


. P is the centre of a circle. Lines AB and AC are tangents to it at B 


and C. If m Z BPC = 90° and area of .JPBAC is 25 then find the 
radius of the circle. | 


. Three circles with equal radii touch each other. Show that the 


triangle formed by joining their centres is equilateral. 


. Chord AB of length 30 is at a distance of 8 from the centre of a cir- 
cle. Find the distance from the centre of a chord CD of the same cir- 
cle having length 16. 


(tt) 
Fig. 2.60 


. Secants AB and CD intersect at E. The chords intercepted by them 


are congruent. Show that ray EP bisects Z BED if P is the centre of 
the circle. [ Fig. 2.60 | 


. Point P is in the exterior of a circle with centre A. Line PT is a 


tangent to the circle and line PR is a secant of the circle. Show that 
ray PA does not bisect Z TPR. 


. Find the area of a quadrilateral MQPR formed by tangents PQ and ~ 


PR of a circle with centre M and radius 8, if points Q and R are on 
the circle and #7Z QPR = 60° . | 


. Achord AB of the larger of the two concentric circles is tangent to 


the smaller cizcle at the point P. Show that P is the midpoint of 
chord AB. 
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Given: (1) A circle with centre O 
(2) seg AB is a diameter of the circle. 
(3) The line CD is a tangent to the circle intersec- 
ting tangents at A and B in the points C and D.. 
Prove: (i) ™ Z COD = 90° 
(ii) line AC || line BD. 


10. Given: (1) A circle with centre O. 
(2) seg AB is a diameter of the circle. 
(3) Line CD is a tangent to the circle intersec- 
ting perpendiculars to it from A at C and 
from B at D. 
Prove: seg OC = seg OD. 


Fig. 2.62 — 


oo oO 
Chapter 3 | | 
CIRCLE : ARC AND AREA 


§ 3.1 Arc of a circle: 


Let P and Q be any two points on a circle C. The 
line joining these points divides the circle in two 
parts. Each part together with end points P and 
Q is called an are of the circle. P and Q are said 
Pp Q to be the end-points of the:arcs | 


Fig. 3.1 


To distinguish between the two arcs, we take an P 
arbitrary point on each arc as shown in the figure. 
We then name the arcs as arc PAQ and arc PBQ. 
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When P and Q are the end points of a diameter of a circle, each arc, is 
called a semi-circle. In this case A 

the arcs are congruent. An arc 
shorter than a semi-circle is call- 
ed a minor arc. An arc larger 
than a semi-circle is called a 
majore arc. In fig. 3.4 arc PAQ 
is a major arc and arc PBQ isa B 
minor arc. Fig. 3.4 


§ 3.2 Measure of an arc: Let P and Q be the endpoints of a minor 
arc PAQ of a circle C with centre O. Z POQ is call- 
ed a central angle, subtended at the centre O by the 
arc PAQ. 

mZ POQ is called the measure of minor arc PAQ. 
Correspondingly to the minor arc PAQ. .we have a 
major arc of the circle (say arc PBQ). Measure of a 
semi-circle is taken to be 180° and that.of a circle is" 
Ts taken to be 360°. Then the measure of the major arc 
Fig. 3.5 PBQ = 360° ~ measure of the minor arc PAQ. 

Measure of arc PAQ is written as m(arc PAQ). 


Fig. 3.3 


In fig. 3.5 m(arc PAQ) = m Z POQ. 
and m(arc PBQ) = 360° — m Z POQ. 
Observe that - (1) Two different arcs of the same circle may have the . 


same measure. (2) Two arcs of two different circles may have the same 
measure. [ fig. 3.6(a) and (b) | 


(a) Fig. 3.6 (3) | 

m(arc PQ) = m(arc RBS) because mZ PQQ = mZ ROS. 
§ 3.3 Intuitively speaking when two segments do not overlap and are not 
disjoint then these two segments can be added in the sense that a larger 
segment is obtained by adjoining the two given segments and the length 
of the new segment is the sum of the lengths of the given segments. 
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Similar consideration arises in respect of arcs of the same circle. We in- 
tuitively feel that when two arcs of the same circle are not disjoint but do 
not overlap these arcs can be adjoined to get a larger arc and the measure 
of the new arc is the sum of the measures of the given two arcs. We, 
therefore, have the following theorem. 


If arc AXB and arc BYD are the 
arcs of the same circle having 
the end-point B as one and only 
se One point in common, then 
see m(arc AXB) + m(arc BYD) 
Sty = m(arc ABD) 
Note: The theorem states that 
the arcs have no point other 
(@) (6) than B in common 1.e., we do 
Fig. 3.7 ‘not want a_ situation like 
arc AXB and arc BYDas in fig. 3.7 (b). Observe that if.two arcs of the 
same circle have only their end points in common,from them we get the 
entire circle. | 


Theorem: The arc addition theorem. 


§ 3.4 Inscribed angle: 


Given an arc of a circle an angle is said to be inscribed in the arc tif’ 
(i) each side of the angle contains one end point of the arc, and 
(ii) the vertex of the angle is a point of the same arc other than its end- 
points. 7 
_ Of the following figures, only in case (a) we can say that Z ABC is in- 
scribed in an arc of the circle. 


A B 


(a) (b) (c) (d) 
Fig. 3.8 : 
§ 3.5 Intercepted arc: An angle is-said to intercept an arc, or an arc is 


said to be intercepted by an angle if (i) each side of the angle contains 
one of the end-points of the arc, and 
(11) all other-points of the arc, are in the interior of the angle. 
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In the following figures, the arcs shown by shaded regiun are the arts 
intercepted by Z ABC. 


(vit) | 


In (i), (ii) and (iii) of fig. 3.9 Z ABC intercepts two arcs of the given 
circle. 

In (iv), (v) and vy) of fig. 3.9 Z ABC intercepts one arc on the given 
circle. : 

In fig. 3.9 (vii) we will not say ‘that the Z.ABC intercepts an arc AXB. 
From the above figures the following points are clear. 

(a) An angle associated with the intercepted arc need not be an angle 
inscribed in an arc of the same circle. 

(6) An angle inscribed in an arc of a circle necessarily nterceP ts an 
arc on the same circle. 

(c) An angle can intercept two arcs on a circle. 

There are some interesting relations between measures of intercepted 
arcs and measure of the angle which intercepts them, which are as 
follows. 

1. If the vertex of such an Z ABC is in the exterior of the circle then 

- m ZABC = half the difference of the measures of the arcs in- 

tercepted by Z ABC. [ Fig. (i), (il), (iii) 
2. If the vertex of such an Z ABC is on the circle then 
m Z ABC = half the measure of the arc intercepted by Z ABC. 

_ | Fig. (iv) & (v) ] 
3..° If the vertex of such an Z ABC lies inside the circle then, 

-—m Z ABC = half the sum of the measures of arcs intercepted by 

* Z ABC and by its vertically opposite angle Z DBE, as shown in fig. 

3.10. 
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| The proofs of all the above statements are 
ased on the following two theorems. (§ 3.6 
d § 3.10) 


‘ 


§ 3.6 Theorem: Inscribed angle theorem: 


The measure of an inscribed angle is half the measure of the in- 
tercepted arc. | 


(a) 


Given: (1) A circle with centre O. 
(2) Z A inscribed in an arc BAC. 
(3) Arc BXC inte cepted by Z A. 
To prove: m Z BAC = 2 ™m (arc BXC) 
Proff: There are three possible cases as shown in the figure 3.11. 
‘Case 1: When the centre O 1s on Z BAC Join O and C. 
A OAC Is an isosceles triangle, Let m Z OAC = m Z OCA = p 
Then by the property of an exterior angle of a triangle. 
m ZBOC = P+ p=2p=2m Z BAC. 
-m £BAC=4$mZBOC_ . 
But m Z BOC = m (arc BXC) 


. m Z BAC = 4 m (arc BXC) 


Case 2: When ie centre O Is in the interior of Z BAC. 

Let ray AO intersect the circle in the point D. Let us name the arc in- 
tercepted by Z CAD as arc CMD by taking a point on the arc. Similarly, 
let us name the arc intercepted by Z DAB as arc CND. 

Therefore, using the result of case (1) 
m ZCAD = 3 m(arc CMD)........... (i) 


m Z DAB = 3 marc DNB) ........... (ii) 
Adding (i) and (11) 
m £CAD + m Z DAB = 5 l m(arc CMD) + 5 l m(arc DNB) 
» m ZBAC = $ |m (arc CMD) + m(arc DNB) | 
= 5 m(arc BXC) 


4] 


Case 3: When centre O is exterior to Z BAC 

As in case 2 let ray AO intersect the cirlce in the point D and let M and/ 
N be the points as in case 2. Using the result of case 1 
m ZCAD = 35 m(arc CMD) .......... (i) 


m Z'DAB = 4 m(arc DNB) .......... (ii) 

subtracting (ii) from (i) 

m ZCAD — m Z DAB = § [m(arc CMD) — m(arc DNB) ] 
. m Z BAC = } marc BXC) | 


§ 3.7 The following corollaries of the inscribed angle theorem are useful: 


Cor. 1: The angle inscribed in a semicircle is a right angle. 


A | 
\ Let Z CAB be inscribed in the semicircle CAB. 
G Then it intercepts semicircle CXB. 
. m ZCAB = 3 m(arc CXB) 
. m Z CAB =4 x 180° =,90° 


B 


X 
Fig. 3.12 


Cor. 2: Angles inscribed in the same arc are congruent. A  D 
Let Z CAB and Z CDB be inscribed in the arc 
CAB. Both these angles intercept the same 
arc CXB. 

. m Z CAB = 3 m(arc CXB) ........ (i) C 


m ZCDB = 5 marc CXB) sstoi055 (11) 
from (i) and (li) m Z CAB = m Z CDB. 


X 


Fig. 3.13 


§ 3.8 Cyclic Quadrilateral: 


A quadrilateral is a cyclic quadrilateral if all its vertices lie on a circle. 


Theorem: The opposite angles of a cyclic quadrilateral are supplemen- 
tary. | 


4 Let ABCD be a cyclic quadrilateral. 


Fig. 3.14 


| To prove: m ZA +m ZC = 180° 
mZB+m ZD = 180° 
Proof: Inscribed Z BAD intercepts arc BCD. 
: m Z£ BAD = $ marc BCD)....... (i) 
Also, inscribed Z BCD intercepts are BAD 
» m ZBCD = } marc BAD).......(ii) 
from (i) and (ii) 
m Z BAD + m Z BCD = 4 [ m(arc BCD) + m(arc BAD) ] 
. m ZBAD + m Z BCD = 3 x 360° 
. m ZBAD + m ZBCD = 180° 
ormZ A +mZC = 180° 
Similarly, we have mZ B + mZ D = 180° 
§ 3.9 Some Solved Problems: 


1. If a line segment joining two points subtends congruent angles at 
other two points lying on the same side of the line containing the seg- 
ment, the four points lie on the same circle. 


(@) Fig. 3.15 | 

Given: S€g BC. Two points A and D on the same side of the line BC such 
that m Z BAC = m Z BDC 
_ To prove: Points A, B, C and D lie on the same circle. 
Proof: Let us assume that the four points do not lie on a circle. 
For convenience let us say that the circle through points A, B and C, does 
not pass through D, and further that the circle meets seg BD (or seg BD 
produced) at E. 
Also, let m Z BAC = x, m Z BDC = y,m Z BEC = 
Now x = Z (by inscribed angle theorem) 

x = y (Given) 

-yrz 
But this 1s impossible, since the exterior angle of a triangle in nee 
greater than any of the remote interior angles. 


AR 


Hence the circle passing through pts. A, B, and C must also pass through’ 
the pt. D. In other words the points A, B, C and D lie on the same circle. 

Similarly the following theorem can be proved by the indirect method. 
‘If a pair of opposite angles of a quadrilateral is supplementary, then 
the quadrilateral is cyclic.’ 


§ 3.10 Tangent - Secant Theorem: | 
Given an angle with its vertex on the circle, if one side of the angle 


touches the circle and the other intersects the circle in two points, 
then the measure of the angle is half the measure of the intercepted arc. 


| D 
(a) (5) Fig. 3.16 (c) 
Given: (1) A circle with centre O. : 
(2) Z ABC vertex B on the circle such that line BC touches the siecle at 
B and the line BA intersects the circle again at A. | 
To prove: 71 Z ABC = ; m(arc BXA) 
Proof: We shall consider three cases. Z ABC intercepts on the circle (a) a 
semicircle (b) a minor arc (c) a major arc. 
In case (a). m Z ABC = 90° (why ?) 
m(arc AXB) = 180° (why ?) 
. m Z ABC = 4 m(arc AXB) 
In case (b), let m Z ABC = x 
Join O to Band OtoA. 
m Z OBC = 90° and 


m Z ABC = x°’ 

. m Z OBA = m Z OAB = (90 - x)” 
But in AOAB, 
m ZBOA + m Z OBA + m Z OAB = 180 


. m Z BOA + (90 — x)°+ (90 — x)°= 180 © 
. m Z BOA = 180 — 180 + 2x = 2x 
But m Z BOA = m (arc AXB) = 2x = 2m Z ABC 


| m(arc AXB) = 2m Z ABC * m Z ABC = 3m (arc AXB) 
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In case (c), take point D such that D—B-—C. 
Let m Z DBA = x and arc BYA is a minor arc (why ?) 
. m(arc BYA) = 2x 
’ Z DBA and Z ABC form a linear pair, 
. m Z ABC = (180-x)° 
Also, as arc(BXA) is the larger arc opposite to minor arc(BYA), 
. m (arc BXA) = 360° — 2x°® = 2(180° — x)° 
= 2m Z ABC | 
» 1m ZABC = 4} m(arc BXA) 
Thus we have proved the theorem in all cases. 
Exercise 3.1 


1. Prove in each of the following figures m Z ABC = 4 [ Difference of 
the measures of arcs intercepted by Z ABC ] 


(c) 


Hint: Let measures of the intercepted arcs be 2x and 2y as shown in the 
figures. 
In each figure, 
p=xandq = y (why ?) 

by exterior angle theorem in each case, 
mZB=q-p=y-x . 
4 (2y — 2x) | 
= 5 [ Difference of the measures of the intercepted arcs ] 


2. Prove in each of the following cases m Z ABC = measure of the 
intercepted arc. 


- Hint: We have already provede 
both these cases as theorems. 
Give the proof in your own 
language. 


Fig. 3.18 
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3. Prove in the fig., m Z ABC = 3 [ the sum of the measures of arcs 
E A intercepted by Z ABC and Z DBE ] 
i @ Hint: m Z ECD = jy; | 
m Z ADC = x (why ?) 
. m(Ext. Z ABC) =x + y 
5 (2x + 2y) 
1 | m(arc APC) + m(arc EQP) | 


Fig. 3.19 
§ 3.11 Congruent arcs: 


Two arcs of the same circle (or congruent ‘circles) having equal 
measures are called congruent arcs. 
This also means that, 
congruent arcs of the same circle (or congruent circles) subtend con- 
gruent angles at their centres. 
The two circles with centres P and 
Q respectively in the figure are 
given to be congruent. 
_Alsom Z APB =-m ZEPF 
| =m Z CQY. 
Then, 
arc AXB = arc EZF = arc CDY. | 


(a) Fig. 3.20 ©4 


However, in the following concentric circles with centre O, 

m ZAOB = m ZCOD.,but arc (AMB) is not 
congruent to arc CND, obviously because the 
circles are not congruent. 


Fig. 3.21 
In the following figures, the two circles are congruent 
and arc(AXB) = arc(CYD) £ FE 


e Can you prove, - | \ \\ 
(i) Z AEB = Z CFD 
(ii) 2 AXB = ZCYD y™ a 
Let P and Q be the centres of the 4 C 
circles. xX y 
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Let m Z AMB = 2x = m ZCND 
. m ZAEB=x=™m Z CFD (why?) 
also m aa = 180 - x 


= m Z CYD (why?) 
§ 3.12 In the following figures, the two circles with centres P and Q are 


congruent and chord AB = chord CD. 
Is arc(AXB) = arc(CYD) ? 


In other words 
O~ Theorem: If two chords of 
A A S OF congruent 
NB OC » circles (or of the same circle) are con- 
a a gruent, then the corresponding arcs 


are congruent. 
Proof: AAPB = ACQD (S.S:S.) 
. Z APB = ZCQD (corresponding angles of congruent triangles.) 
. arc(AXB) = arc(CYD) (why?) 
Theorem: (Converse of theorem in § 3.12) 
If two arcs of congruent circles (or in the same circle) are congruent, 
the corresponding chords are congruent. 


Given: (i) Two congruent circles with 
centres P and Q. 


(ii) arc(AXB) = arc(CYD) as shown A a 5 Via by 
in the fig. | | N99 
To prove: chord AB = chord CD. X ; 
Proof: arc(AXB) = arc (CYD) ....Given ad Fig. 3.24 (6) 
“Z APB = Z CQD[ Central angles of congruent arcs of congruent 


| | circles | 
seg AP = seg CQ....(radii of congruent circles) 

seg BP = seg DQ....(radii of congruent circles) 

A APB = ACQD....By S.A.S. 


seg AB = seg CD [ corresponding sides of congruent fdanples ] 


Excercise 3.2 


1. o Given: (1) P is the centre of a circle. 
(N (2) mZ ABC = 50° 
Find: 1) The measures of the angles of A APC. 
YN 2) m(arc ADC) 
ANSE 3) m(arc ABC) : 
O 
Fig. 3.25 
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Given: (1) chord PR = chord RQ 
(2) m Z PRQ = 40° 
Find: (1) m(arc PAQ) 
(2) m(arc RBQ) 
(3) m(arc a 


O 


A 
Fig. 3.26 
3. In fig. 3.27 chord AB = chord CD. 
then arc APC = arc(DQB) | 


: A 
4, BD Given: (1) O is the centre. 
(2) seg OP + chord AB. 
y (3) seg OQ + chord CD. 
If (3) KOP) = (OQ) then show that m(arc AXB) = 
m(arc CYD) and m(arc AYB) = m(arcCXD) _ 
If (ii) (OP) > KOQ) then show that m(arc AXB) 
< m(arc CYD) and if (iii) KOP)< OQ) then show | 
that m(arc AXB) > m(arc CYD) 


DB C Fig. 3.27 


Fig. 3.28 


5. Given: chord BD = chord CE. 
mZ CBA = 50°. 
Find: mZ BCA, mZ BDE and show 
seg BC || segDE. 


Fig. 3.29 


Given: (1) ABCD is a cyclic quadrilateral. 
_ (2) KAB) = KAD) 
(3) m Z BCD = 100° 
Find: (1) m(arc BAD) 
_ (2) m(arc BCD) 
(3) m(arc BPA) 
(4) An arc congruent to arc BPA. 


D 
Fig. 3.30 
1. Given: (_] ABCD is a cycle trapezium. 

seg AB || seg CD and 
mZ ABC = 80° 
Find: (1) m(arc ABC) 
(2) m 2ZBAD 
and show that (3) arc BXC & arc AYD. 
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8. Given - (1) cyclic J ABCD 
| (2) chord AB = chord CB 
chord DA = chord DC 
(3) m Z ADC = 3x, m Z ABC = 2x 
Calculate the measure of each angle of [JABCD. 
9, Given: (1) arc ACDBis a semicircle on diameter AB 
R (2) ray AC and ray BD intersects at R. 
(3) perpendicular RP on seg AB intersects 
seg AD at Q. 
To prove: (1) [JQDBP is cyclic 
(2) LJIRCQD is cyclic. 
[ Hint: Use, perpendiculars from the vertices of 
Fig. 3.32 a triangle meet in a point. | 


I 


10. Given: (1) a circle with centre P 
(2) tangent T at a point Q on the circle. 
(3) mZ RQS = 30° 
Find: (1) m(arc RAQ). 
(2) mZ RAQ 
(3) mZ RPQ. 


Fig. 3.33° 
Given: 1) AB and AC are tangents to the 
circle at points B and C of it. 
2) m Z BAC = 38° 
Find: (i) m(arc BPC) 
(i1) m(arc BQC) 
(11) m -Z OBC. 


11. 


Fig. 3.34 ¢ 


12. Given: (i) m(arc BYD) = 170° 
- (il) m(arc PRQ) = 65° 
Find: (arc BXC) 


13. : Fig. 3.35 
Given: (1) m Z ABC = 30° 
(2) m Z APC = 70° 


Find: m(arc DXB) 


Fig. 3.36 
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Given: (1) T is a tangent at P 


(2) seg PQ is a diameter. 

(3) mZ PRS = 50° 
Find: (1) mZ RQP 

(2) mZ RMP 


Fig. A = 
15. Given: 1) line PT is a tangent at P. 
ray PS bisects Z RPT. 


Rae arc = = arc PYS. | pf 
Fig. 3.38 
Given: chords AC and BD bisect each other. 
Prove: (1) seg AC and seg BD are diameters. 
(2)(_} ABCD is a rectangle. : 
(3) If dia. AC + dia.BD thenl) ABCD is 
square. A P 
o vig. 3. i 


17. Given: chord AB > chord CD 


Prove: seg BE > seg DE D 
and seg CE < seg AE 


A | Fig. 3.40 


Given: (1) In cyclict_] ABCD, diagonals AC 
and BD intersect at M at right angles. 
(2) E is midpoint of seg AB. 
we To prove: Line EM line DC. 
B “Fig. 3.41 
19. Prove that the exterior angle formed by producing a side of a cyclic 
quadrilateral is congruent to the interior opposite angle. 
20. If an exterior angle of a quadrilateral is congruent to its remote in- 
terior angle prove that the quadrilateral is cyclic. 


18. 


2 


| ae 


. Two circles intersect in A and B. Line PQ 
through A intersects the circles in P and Q 
and line RS through B intersects it at R 
and S as shown in fig. 3.42. B 
Prove: Line PR |j line QS. Fig. 3.42 


50 


22. Given : 1) seg AD || seg BC 
2) seg AB = seg DC 
Prove : L|ABCD is cyclic. 


23. A Given: In A ABC points D, E and F are 
mid points respectively of sides BC, CA 
FE E and AB. 


seg AP 1 side BC. B-P-C. 
Prove: Points P, D, E and F are concylic. 
Bs POD C 
Fig. 3.43 
24. Given : (1) AABC, (AB) = (AC) 
(2) bisectors of Z Band ZC. 
meet seg AC in D and seg AB in E 


respectively. 
Prove: B, C, D and E lie on a circle. 
' 25, 
Fig. 3.44 
E 
a Given . seg CF & seg BE are the altitudes in A ABC 


Prove : B,C,E and F lie ona circle. 


Brig. 3.45 C 
§ 3.12 Segment and sector of a circle: 


Let AB be a chord of a circle with centre O. 
The chord AB divides the circular region in two parts, each of which 
is called a segment of the circular region or brief- oe 
ly a segment of the circle. A chord which‘is not a 
diameter divides a circular region into minor seg- 
ment and major segment. 


Major Sector 


Let seg OA and seg OB be two radii of a circle 
whose centre is O. The angle determined by these 
radii divides the circular region into two parts, 
B each of which ts called a sector of the circular 
region or briefly a sector of the circle. That sector 
which contains the minor arc 1s called a minor sec- 
Fig. 3.47 tor and the other one is called a major sector. 


( Minor Sector 


5] 


§ 3.13 Circumference of a circle: 


A man completes a round about a circular garden. What distance has 
he walked ? A wooden wheel of a cart is to be fitted with a steel ring. 
What would be the length of the steel ring ? 

Take a wooden wheel and _roll it along a straight road without allowing 
it to slide. At the start mark the point on the road at which the wheel 
touches it and also the corresponding point on the wheel. Now roll the 
wheel so that the point marked on the wheel again comes in contact with 
the road. Mark the corresponding point on the road. The length of the 
line segment joining the two marked points on the road would be the cir- 
cumference of the wheel. Find the ratio of the circumference with the 
diameter of the wheel. Repeat this experiment. This ratio comes out to be 
the same each time. 

We say that, 

‘*The circumference of a circle bears a constant ratio to its diameter.”’ 

The constant ratio 1s called ‘pi’ written as 7. We write, 
Circumference _ 

Diameter 


ao 


or circumference = nD, or circumference = 27R 
where D = diameter; R = radius. 


§ 3.14 Through what angle do we rotate a circle; if it rolls through one 
third of its circumference. Naturally through 120 degrees. In that case, 
the measure of the arc so rolled is 120° and the length of the arc is one 
third of its circumference. Now, fill up the following table. 


Part of the circumference | Measure of the | length of the 
of the circle rolled corresponding arc | corresponding arc. 


7 th of the 


circumference 


The table helps you to make a following guess: 


C | 360 = circumference 
measure of an arc length of the arc 
A If we denote circumference by C, measure of an 


arc by g and length of arc by q then we get the for- 
mula 20 = L or q ~C6 | 


q q 360 
Fig. 3.48 Cc = 360q- 
§ 3.15 Area of a circle: 


We divide a circular region into 4, 8, 16, congurent sectors as shown 
below. 


OSE 


arc AB) = 2m rR Marc AB) = a Karc AB = 6 


Fig. 3.49 


Every time compare the difference between the area occupied by the 
triangle OAB and the sector OAB. You realize that as the circular region 
is divided into more number of sectors the difference between the lengths 
of chord AB and the corresponding minor arc becomes less and less and 
consequently difference between areas of AOAB and sector OAB 
becomes less and less. If we divide the circular region into n congruent 
sectors and nm becomes very very large, area of the sector OAB can be 
thought as almost being equal to the area of A OAB, with height r and 


base 27R 
n 
» A(AOAB) == 5 x 22R xR 
3 
. A(sector OAB) = . x ark x R = 2 voomeavee (1) 


If we take all m congruent sectors, we get the area of the complete cir- 
cular region, 
Area of the circle = n x ea Gector OAB) 


= fs aR = nR2 
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Area of a circle of radius R is nR2 


Observe, step (1) again 
A(sector OAB) = : x 2aR xR 


Here, 2"R_ is the lenght of the arc AB which we denote by q. 


Hn 
A(sector OAB) = 5 aR 


But, q = C? = 2nRé (where C = 2nR, 9 = m(arc AXB)) 


So we get. 


360 360 
:. A(sector OAB) = | x 2nR@ xX R 
2 360 
g 
, - 5 gee 
-. A(sector OAB) = TR 360 


ar A(sector OAB) _ m(arc AXB) 


Area of a circle - 360 


Excercise 3.3 | 


1. In the following table some information is given about circles. Fill up 
the table. 
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2. In the following table information is given about an arc of acircle. Fill 
up the table. 


3. Find the area of a circle touching all the three sides of an equilateral 
triangle of side 12 cm. Also find the area of its circumcircle. 

4, The side of a square is 10 cm. Find the area of the circumscribed circle 
and also of the circle touching all its sides (inscribed circle.) 


Find the area of the segment of a circle with centre 
P, given that m Z APB = 60° and radius of the cir- 
cle is 12. | 


Fig. 3.50 : 
‘6. The measure of an arc AXB of a circle of radius 
12 cm is 45°. Find area of the segment. 


F ie3.5 1 


The area of a circular road (as shown by shad- 
ed portion) is 22176 sq. metre. If the diameter 
of the outer circle is 280 m find the width of 
the road. 
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A regular hexagon is inscribed in a circle ot 
radius 10 cm. Find the area of the shaded por- 
tion. 


Fig. 3.53 
9, The circumference of a circular playground is 528 m. Find the total ex- 
penditure of repairs of the ground at the rate of 50 paise per sq. meter. 
10. A man can run with a speed of 15.84 km/hr. He completes 12 rounds 
of a circular ground in one hour. Find the area of the ground. 
| A B 
11. The length of the side of a square is 42 cm. Find the 
area Of the portion between the square and its 
incircle 


: Fig. 3.54 
12. The radii of two circles are 6 m and 8m respectively. Find the radius 
of a circle whose area is equal to the sum of the areas of the two circles. 
13. A man by walking diametrically across a circular 
grass-plot takes 45 sec. less than if he had kept to 
the circular path round the outside. He walks 80 
meteres a minute. What is the diameter of the 
A ~B  grass-plot ? , 
Fig. 3.55 
14. The radius of the inner boundry of a plane 
circular ring is 14 cm. The area of the ring is 
100 sq cm. Find the radius of the outer boun- 
dary. 


Fig. 3.56 
15. Inacircle of unit radius a regular hexagon is inscribed. In this hex- 
agon is inscribed another circle. Find correct to four decimal places 
the area of the ring enclosed between the two circles. 
[ Take nm 4 3.14159 ] 
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16. 


17. 


18. 


19. 


20. 


| 1. In the adjoining figure, arc DCB is an arc of a circle 
with centre A. m Z CBD = 45°. Prove that seg DA 
is perpendicular to seg CA. 


In a circle of radius 65 m, two parallel chords are drawn on the 
same side of the centre and measuring 126 m and 112 m respective- 
ly. Find the distance between them. 


Three congruent circles are so placed that each touches the other 


two. If the radius of each circle is 1 m find the area of the unoc- 
cupied space among them. 

Two circular wheels of radii r,; and r and circumferences c,andc, 
respectively cover the same distance in the same interval of time. If 
the number of revolutions made by them in this time are n, and ny 


respectively, then show that 
Oe a 
N> vr) C, 


The diameter of a rear wheel of a horse-cart is 1.2 m. In a certain | 


_ distance, the rear wheel makes 50 revolutions, while the front wheel 


makes 200 revolutions. What is the diameter of the front wheel ? 


| If the wheel of a bus with 90 cm diameter makes 210 revolutions 


per minute, find the speed of bus in km/hr. 
Miscellaneous Exercise - 3 


Fig. 3.57 
Show that an angle inscribed in a major arc is acute and that which 
is inscribed in a minor arc is obtuse. 
Prove that the circle drawn by -taking the diameter as the 
hypotenuse of a right triangle passes through the opposite vertex. 
A circle drawn on one side of a rhombus as diameter passes 
through the point of intersection of its diagonals. 
Show that a cyclic parallelogram is a rectange. | 
Show that the quadrilateral formed by the angle bisectors of a 
quadrilateral is cyclic. 


In the fig. 3.58 chord AB || chord CD. 
Show that, arc AXC = arc BYD. 


a7 


B In the fig. 3.59 diagonals AC and BD of the cyclic 


8. A 
(J ABCD are congruent. 
_Show that (AD) = (BC) and seg AB _ |] seg DC 
| (Hint: If congruent chords of a circle intersect in- 
D side the circle corresponding parts are congruent. | 


Fig. 3.59 


9. In one pair of opposite sides of a cyclic quadrilateral is congruent 
then show that the diagonals are also congruent. 


2 
Bee, 


10. In fig. 3.60, seg AB is a chord of a circle. C 
Z BAQ = Z ACB. 
{ Point C is on the circle and is not on Q-side 
of AB. ] i 
Show that seg AQ touches the circle at A. A 0 
Fig. 3.60 
A 11. Given: | 
(1) chord AB = chord AC=chord BC 
— (2) Z ABP = ZCBP | 


B Prove: 
seg CQ = ség CA. 


Fig. 3.61 | 
12. Given: Two non-congruent circles touch externally at T. 


A segment AB passing through 
T intersects them in A and B 
respectively. Lines L and M are 
tangents to the circles at A and 
B respectively. Show that line 
L || line M. 

How are L and M related if the 
circles touch internally ? 
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13. Two circles intersect in points P and Q. A secant passing through P in 


14. 


15. 


16. 


17. 


18. 


tersects the circles in A and B 
respectively. Tangents to the 
circles at A and B intersect at T. 
Prove that A, Q, T and Blie ona 
circle. 


Fig. 3.63 
Find the measure of that arc of a circle whose length 3 1S. equal to its 
radius. : 
Find the length of the side of an equilateral triangle inscribed in a 
circle of radius 4, 
A circular hole is to be cut in a circular disc of diameter 3\3, so that _ 
the weight may be reduced by one third. Find the diameter o the 
hole. 
The radius of a circle is 18. Find the radius of another circle of one | 
fifth its area. 
The radius of a circle is 20. It is required to draw three concentric 
circles in such a manner that the whole area may be divided into 
four parts of equal area. Find their radii. 3 


Oo a OQ 


_ 
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Chapter 4 


GEOMETRIC CONSTRUCTIONS 


§ 4.1 The growth of the present scientific culture owes immensely to an- 
cient Greek people. Greek mathematicians mainly engaged themselves in 
attacking geometrical problems. They had very: little interest in 
arithmetic. They looked down on arithmetic as the field in which only 
merchants would be interested. Thus, inspite of having reached a very 
high stage of development in geometry its growth was stunted because 
they neglected to take interest in properties of numbers. It was only when 
D’escartes, the French mathematician, started using algebraic methods 
to study geometry, did this science start progressing again. It appears 
that because of their disrespect for numbers, Greeks had forbidden the 
use Of a measuring scale, a protractor and a setsquare in construction of 
geometrical figures. Greeks insisted that in any geometrical construction 
use of only a ruler without numbers, compass and a divider was permissi- 
ble. Even inspite of this restriction it is surprising that they could develop 
the science of geometrical constructions to a very great extent. 

It is creditable that a large variety of constructions can be performed 
with limited instruments. Some of these constructions are listed below. 


1. To draw a circle of the given radius. 


Radius 


Fig. 4.1 | 
2. To draw a segment congruent to 73 ar ea hg 
a given segment. Fig. 4.2 
sez AB is a given segment. i sez AB = seg CD OR 
Draw, seg CD = seg AB KAB) = (CD) 
3. To draw 2 segment twice, 
thrice, in length of the given Pp Q 
segment. | 
Segment PQ is a given a a 
segment. Fig. 4.3 
Draw seg RS such that : 
RS) = 2/(PQ), KRS) = 2KPQ) 


RT) = 3(PQ). (RT) = 3(PQ) 
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. To bisect a given segment. 
Bisect the given segment AB. 


. To construct an angle con- 
gruent to the given angle. 
Draw Z PQR congruent to 
Z BAC. 


i] 


. To bisect the given angle. 
Bisect Z ABC. 


._ To draw a line parallel to a 
given line from a point exter- 
nal to it. 

Given line L and a point P 
Out side it. Through point P, 
draw a line M parallel to line 
L, with the help of set square. 


. To draw a line parallel to a 
given line from a yviven point 
by using alternate angle test, 
with the help of compass. 


. To divide a given segment in © 
congruent parts. 

To divide the segment AB 1n 5 
congruent parts. 
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10. 


11. 


12. 


To draw a perpendicular to a 


given line through a given point 


on it. 

P is a point on the line L. 
Through P draw a _ perpen- 
dicular line to the line L. 


To draw a perpendicular to a 
given line through a point lying 
outside it. 

P is the point out side a line L. 
Through P draw a_perpen- 
dicular line to L: 

To construct a right angled 
triangle when its hypotenuse 
and one side is given. 

In APQR, a 

m ZPRQ = 90°, (seg PR). and 
length of the hypotenuse is 
given. Then construct A PQR. 


Exercise 4.1 


Fig. 4.10 


P 


Fig. 4.12 Q 


‘1. Given Z PQR, construct Z XYZ congruent to it. 


parts. 


below. 


2. Construct an angle of measure 75° and bisect it. 
3. Take a segment AB of length 5 cm Divide seg AB in 7 congruent 


4. Construct triangles, congruent to the triangles shown in the Figures 


C 


. Draw a segment AB of length 8.4 cm. Take a point P on segment 


Ab such that (AP) = 2.6 cm. At the point P draw a perpendicular 
to the line AB. 


. Construct A ABC such that KAB) = 7.5 cm. (BC) = 12 cm and 


(CA) = 7.5 cm. Take the mid-point M of side AB. With centre M 
draw a circle of radius = (MA) intersecting the side BC in point P. 
Find (BP). 


. Construct A PQR such that (PQ) = 8.6 cm (QR) = 6.4 cm, 


(PR) = 8.6 cm. Draw seg PK {seg QR. (Point K on side QR). M is 
the mid-point of the side PQ of A PQR. Draw acircle with centre 
‘M’ and radius = (PM). Find (PM). 


. Draw an equilateral triangle XYZ whose side is of length 5 cm. 


Draw the perpendicular on each side from the vertex opposite to it. 
In how many points do these perpendiculars intersect? 


. Contruct A ABC such that (AB) = 7 cm. (BC) = 8.5cm.mZB 


= 120°. Draw a perpendicular from the point A on side BC, and 
measure its length. 


§ 4.2 A triangle can be constructed jonas three independent condi- 
tions about the triangle are given. Given three independent conditions in- 
volving sides and angles of a triangle you know how to construct such a 
triangle. This year we will see how a triangle can be constructed if three 
independent conditions involving other than angles and sides of a 
triangle are given. 
Some such conditions are studied below. 
Constructions of triangles: — 


We will see how to construct a triangle 


(1) 
(2) 
(3) 
(4) 


(1) 


When length of its two sides and an angle not included by them are 
given. 7 
When its base, sum of the lengths of the two remaining sides and 
an angle at the base, are given. 
When the base, one side and the altitude to the base or the given 
side, are given. 
It’s base and the two altitudes from the extremeties of the base are 
given. ! 

Let us study the above constructions one by one. 


To construct a triangle, in which the lengths of two sides and an 
angle not included by them, are given. 


Example:— Draw a A ABC in which (AB) = 5 cm, KAC) = 3 cm. 
and mZ B = 30° 
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N Construction:— 

Draw a ray BM. Take 
point A on it at a distance 
of 5 cm from the point 

-B. Draw ray BN making 
an angle of 30° with the 
ray BA at the point B. 

With centre A and 
radius equal to 3 cm 
B Sem A -M draw an arc of a circle 

Fig. 4.14 intersecting the ray BN in 
the point C. Join points A and C. A ABC is the required triangle. 
Another A ABC’ can also be obtained as shown in the figure. ] 
(2) To construct a triangle; given its base, sum of the two remaining 
sides and an angle at the base. 
Example:— construct A XYZ in which (YZ) = § cm. (XY) + 
(XZ) = 6.8cm and mZY = 35°. 


Analysis:— In A XYZ produce segYX M 
such that Y - X —M and (XZ) = XM). 
' -The point X will be on the perpendi- 


: cular bisector of seg ZM. Hence to x 
~ construct aA XYZ + construct A MYZ 
~ in which (YZ) = 5 cm. (YM) = 6.8 cm 35° 
andm ZY = 35°,To determine the y cnn: 4 
osition i 
positi of the point X, we need to Fig. 4.15 


draw a perpendicular bisector of seg ZM _ 


N Construction:— Draw a 
seg YZ of length 5 cms. 
Draw a ray YN making 
an angle of 35° with ‘seg 
YZ at the point Y. With 
centre Y and radius equal 
‘to 6.8 cm draw an arc of 
a circle interesting the ray 
| | YN in point M. 
Y 5m Z | - Join points M and Z. 
Fig. 4.16 Then draw a_ perpendi- 
ita bisector of seg MZ intersecting the ray YN in point X. Join points 
X and Z. A XYZ is the required triangle. 
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(3) Toconstruct a triangle; given the base, one side and the altitude to 
the base or the given side. 
Example:— Draw A XYZ in which (XY) = 4cm, KYZ) : = S5cm, 
ICXM) = 3 cm where seg XM seg YZ. 

X Analysis:— seg YZ is the base 
| and seg XM is the perpendicular 
on it from the vertex X. (XM) 
= 3m. So X is the point on a 
line parallel to segYZ at a 
distance of 3 cm from it. 

Hence first draw seg YZ and 


Y 24 M sem 2 ‘then draw a line parallel to it at 
Fig. 4.17 a distance of 3 cm. The point X 
is on this line at a distance 4 cm from Y. 
Construction: — First ‘ 


draw a line and with the 
help of a compass take a 
seg YZ of length 5 cm on 
it. Take any point R on 
line YZ (Y —Z-—R). 
_ Draw a seg RN of length 
3 cm such that seg RN 
1 line YZ. Through the Fig. 4.18 
point N draw a line L jj line YZ. 


5 cm 


With centre Y and radius equal to 4 cm draw an arc of a circle in- 
 tersecting the line L in point X. Join points X and Y and points X and Z. 
A XYZ is the required triangle. 

(Another 4 X’YZ can also be obtained as shown } in the Figure), 


(4) To construct a triangle, given its base and the two altitudes from 
ne extremeties of the base. 

Example:— 

Draw a A ABC it in which, (BC) = 5 cm, 

(BE) = 4cm. (CF) = 4.5 cm, 

where seg BE - seg AC, and seg CF seg AB. 


Analysis:— seg BE 1 seg AC and seg CF 1 
seg AB. As mZ BFC = mZBEC = 90° 
Z BFC = Z BEC. These angles are substend- 
ed by seg BC at F and E respectively and have © 
measure 90° each. Points F and E will lie ona 


A 
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semicircle with seg BC as.diameter. On this semicircle point F can be 
located at a distance 4.5 cm from C and E can be located at a distance 


4cm trom B. 
Construction: — 


Fig. 4.20 


_ On a line draw a seg BC of 


length 5cm then bisect seg BC 
and draw a semicircle with 
seg BC as a diameter. With 
centre B and radius equal to 
4 cm draw an arc Of a circle 
intersecting the semicircle in 
point E: Similarly with centre 
C and radius equal to 4.5 cm 
draw an arc of a circle in- 
tersecting the semicircle in 
point F. Produce ray BF and 
ray CE to meet ata point A. 

A ABC is the required tra- 
ingle. 


Exercise — 4.2 


I. = =In.A XYZ, (XY) = 5.6cm, mZX 
construct A XYZ. 

2 Construct A ABC such that (BC) 
= 6.3 cm. and m ZB = 40° 

3 In A XYZ, mZY = S0°, (YZ) 
(XP) = 3.2 cm. Construct A XYZ. 


= 50° and (YZ) = 4.3 cm, 


= 4.6 cm. (AB) + KAC) 


= 4.8 cm, seg XP 1 seg YZ, 


4 Contruct A ABC such that (BC) = 5 cm, (BE) = 4 cm, CF) 
= 3.5 cm, seg BE Lseg AC and seg CF 1 seg AB. Find AB). 


§ 4.3 Constructing a quadrilateral. 


It is possible to construct a triangle if three ciencatice elements of 


the triangle are given. In the same way 


it is possible to construct a 


quadrilateral if its five independent elements are given. 
1. To construct a quadrilateral when three sides and two diagonals are 


piven. 


Example:— Construct a [ABCD in n which (AB) = 5.4m, (BC) 
= 2.7cm, (AD) = 4.8 cm, (AC) = 6 cm, KBP 6.6 cm. 


Analyste: — As all sides of A ABC and 
A. ABD are known, they can be drawn. 
Joining points C and D we. get the 
quadrilateral ABCD. To get a convex 
quadrilateral points C and D must be on 
the same sides of line AB. 
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A 5-4cm B 
Fig. 4.21 


Construction:— On a line draw a seg AB’of length 5.4 cm. With centre A 
im) and radius. equal to 6 cm 
draw an arc. Similarly 
with centre B and radius 
2.7 cm draw an arc in- 
tersecting the first arc in 
point C. Again with cen- 
tre A and radius 4.8 cm 
draw an arc. Similarly 
with centre B and radius 
6.6 cm draw an arc in- 
A 5.4m B tersecting the first arc in 
Fig. 4.22 point D such that point D 
is on the same side of line AB as the point C. Joining points C and D we 
get the required quadrilateral ABCD. 


2. Toconstruct a trapezium, having given two non-parallel sides, one 
of the parallel sides and an angle at the end point of this side. 
Example:— Construct a trapezium in which (AB) = 6.9 cm ((BC)_ 
= 3.9cm, MAD) = 3.3 cm, m ZB = 50° and seg AB jjseg CD. 
Construction:— On a line. draw on‘it a seg AB of length 6.9 cm .. Draw 
a ray BN making an angle : at 
of 50° at point B with 
ray BA. With centre B 
and radius 3.9 cm draw 
an arc intersecting the ray 
BN in point C. Through 
point C draw a ray CM 
parallel to seg AB. With 
centre A and radius 3.3 | 
cm draw an arc intersec- | A 6.9 cnt 8 
ting the ray CM in point Fig. 4.23 
D. Join points A and D. : 
[ JABCD is the required trapezium. (Another trapezium ABCD can also 
be obtained as shown in the Figuré 4.23.) 


3.  Toconstructa parallelogram having given its altitude and two of its r 
adjacent sides. 
Example: — Drawa parallelogram ABCD in which IAB) = 6cm, MAD) © 
= 3.6 cm altitude to the base AB = 3.2 cm. 
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| Construction: — p 


A 6 cm 8B M 
Fig. 4.24 
On a line draw a seg AB of length 6 cm. Take any point M on line AB 
(preferabiry A—B—M). Through point M draw a seg MN of length 3.2 cm. 
perpendicular to the line AB. Through the point N draw a line L parallel 
to line AB. With centre A and radius 3.6 cm draw an arc intersecting the 
line L in points D and D . Join points A and D. (also A and D’,). 
- Through point B draw a ray BP parallel to seg AD, intersecting the line L 
in point C. [JABCD is the required parallelogram. 


Similarly point C’ on line L can be obtained by drawing line parallel to 
seg AD’ and another parallelogram ABC’D’ is also obtained as shown 
in the figure. | 
4. To construct a rectangle, given a side and a diagonal. 
Example:— 

Draw a rectangle ABCD having given (AB) = 4.7 cm, seg AC is a 
_ diagonal and (AC) = 6 cm. : 


truction: — On a line draw a seg AB 
os of length 4.7 cm At point 


N B draw a ray BP Lt to 
M the seg AB. With centre 
D A and radius 6 cm, draw 
an arc intersecting the 
ray BP in point C. Join. 
points A and C. 
Through point A drew 
a ray AN parallel to ray 
BP. Similarly through 
point C draw a ray CM 
Fig. 4.25 parallel to seg AB. Let 
the ray CM and ray AN intersect in point D. Then (JABCD is the re- 
quired rectangle. 


Oo 
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5. Toconstruct a rhombus when its two diagonals are given. 
Example:— Draw a rhombus ABCD, given that seg AC and seg BD are 
the diagonals of the rhombus ABCD. (AC) = 5.2 cm and ((BD) 
= 3.6 cm... 
Analysis:— Diagonals of a rhombus bisect each other at right angles. 
A B Hence diagonals AC and BD will bisect each | 
other in point M at right angles. This suggests 
the following construction. 


Fig. 4.26 


Take a seg AC of lenth $.2 cm. 
Draw 4a line L asa perpendicular 
bisector of seg AC. Let line L in- 
tersect seg AC in point M. With 
centre M and radius 1.8 cm draw 
an arc intersecting the line L in 
points B and D. Join points 
A,B,C and D in order to form a 
CIABCD. [LJBCD is then, re- 
quired rhombus. _ : 


Fig. 4.27 


Exercise:— 4.3 


1. From the following data draw trapezium ABCD in which (AD) 
= 3 cm, (BC) = 3.2 cm, KAB) = 5 cm. m ZB = 50° and 
seg AB || seg CD. | 

2. Ina prallelogram ABCD, seg DE seg AB. (DE) = 4.8 cm, (DC) 
= 8cm, (BC) = 5.3 cm. Draw parallelogram ABCD, 

3. In rectangle ABCD, seg, AC is the diagonal. (AC) = 4.7 cm and 
XKCD) = 4.2 cm, construct the rectange ABCD. | J 

4. Draw the rhombus EFGH in which seg EG and seg FH are the 
diagonals and (KEG) = 5.7 cm, (FH) = 7.8 cm Find the length of 
seg EF. 
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§ 4.4 Circumcircle of a given triangle: 
A Circum Circle 


Circum A circle passing through the three vertices of a 
Centre , ; ; ; ; 
triangle is called the circumcircle of the given 
triangle. 
B c r 


Incircle 


Fig. 4.28 
Incircle of a given triangle: 


A circle which touches the three sides 
of a triangle internally is called the in- B 
' circle of the given triangle. 
(1) To draw a circumcircle of a given triangle. 
Example:— In A DEF, (DE) = 4cm, KEF) = 8.6cm and ave) 

= 6.5 cm. Draw the circumcircle of A DEF. 
Analyse: — Let A DEF be the given triangle and S be the circumcentr 
S will be equidistant from points D, E and r’. 
So it will lie on the perpendicular bisector of 
seg DE, seg EF and seg DF. ‘S’ can be fixed 
as the point of intersection of perpendicular 
bisectors of any two sides of A DEF. 


Fig. 4,29 


Fig. 4.30 


-Construction:— Draw a 
A DEF having (DE) = 
m., (EF) = 8.6cm., (FD) 
= 6.5 cm. , | 

Draw the perpendicular 
bisectors of seg DF and seg 
EF. Let them intersect in 
point S. With centre S, and 
radius equal to (DS) draw a 
cirle. It is the required cir- 
cumcircle of A DEF. Fig. 4.31 
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(2) To draw an incircle of a given triangle. 
Example:— In A PQR, (QR) = 9 cm, mZ Q = 50°, mZ R = 47° con- 
struct its incircle. | 


Analysis: Let A PQR be the given triangle and I 
be the centre of the incircle. Since I is the point 
equidistant from seg QR and seg PQ, I lies on the 

bisector of 7Q. It will lie, similarly, on the 
bisector of /R. | 


Fig. 4.32 | 7 
Construction:— Draw a triangle PQR having (QR) = 9 cm, m 2ZQ 


= $0° andm ZR = 47°. 
Bisect ZQand ZR. Let 
the bisectors meet in 
point I From the point I 
draw a perpendicular seg 
IM to the seg QR. With 
centre I and radius equal 
to (IM) draw a circle. 

It is the required incir- 
cle of the A PQR. 


Fig. 4.33 


Exercise 4.4 


1. Construct an equilateral A PQR in which (PQ) = 6cm. Construct 
the circum circle of A PQR, measure the radius. 

2. In A PQR, (PQ) = (PR) = 7cm, (QR) = 4.5 cm. Draw a circum- 
circle of A PQR: Measure its radius. 

3. In A ABC, (AB) = 6.5 cm, (BC) = 8.3 cm, m7B = 90°. Draw 
incircle of A ABC. 

4. In A ABC, (AB) = 6cm, (BC) = 8cm,m ZB = 135°. Draw in- 
circle of A ABC. | | 

5. In equilateral A ABC, (AB) = 6.5 cm Draw the incircle and cir- 
cumcircle of A ABC. Find the radii and ratio of the length of the two 
radi. 
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§ 4.5 Tangent of a circle: 


(1) To draw a tangent line to a given circle at a point on it, . 


® 


Example:— 


Draw.a angen line to the circle of radius 2.4 cm ata point P on it. 


Fig. 4.34 


Analysis: — A perpendicular 
line to the radius at its outer 
end is tangent to the circle 
at that point. 


Construction:— With cen- 
tre O and radius 2.4 cm 
draw a circle. Let P be the 
given point on it. Draw ray 
OP. At point P’ draw the 
line L perpendicular to the 
ray.OP. Line L is the e- 
quired tangent line. 


(2) To draw two tangent lines to a circle through a given point out side | 


the circle. 


Example:— O is the centre of a circle of Tadius 3 cm. P is the point out 
side the circle such that (OP) = 7.5cm. - Draw the tangent lines to the cir- ) 


cle from ine pou P. 


Kail Let line PO and line PR be the two tangent lines, drawn 


trom the point P to the circle with cen- 


_tre O. Suppose Q and R are the points — 


of contact. Since tangent line is perpen- 
dicular to the radius at the point of 
contact, m Z OQP = m7 ORP = 90°. 
SO points Q and R lie on the circle, 
drawn on seg OP as diameter. 


Construction:— With cen- 
--tre O draw a circle of radius 
.3 cm. Let P be any point 
outside this circle such that 
OP) = 7.5 cm. Bisect seg 
OP. Draw a circle with seg 
OP as a diameter cutting 
the circle with centre O in P 
points Q and R. Join points 
P and Q and also points P 
and R. The line PQ and line 
PR are the required tangent 
lines from P to the given 
circle. 


Fig. 4.36 


Exercise 4.5 


1. Draw a circle of radius 3.5 cm. Take a point M at a distance of 7.5 cm 
from the centre. Draw the tangent lines to the circlé from point M. | 


2. Draw a circle with centre O and radius 4 cm. Take a chord AB of | 
length 6 cm. Draw the two tangent lines at points A and B intersec- 
ting at point P. Find (OP). 

3. Take (AP) = 8 cm. Draw a circle with point A as a centre and of 
radius 3.5 cm. From point P draw seg PL and seg PM, the tangent 
line segments to the given circle. Find (PM) and (PL). 

4. Draw a circle of radius 3.5 cm. Take any point P on it and draw a 
tangent line to the circle at the point P. 


Miscellaneous Exercise: 4 


1. In. A ABC, (BC) = 5.3 cm, (MAC) = 6.2 cm and mZA = 42°.. 
Draw the A ABC and measure the length of the side AB. 

2. In A ABC, KBC) = 5.9 cm, altitude AD = 4.1 cm and (AB) 
= 4.8 cm . Construct the A ABC and measure Z B. 

3. In (JPQRS, (PQ) = $.2cm, (QR) = 3.2cm, (SP) = 4.6cm, (PR) 
= 6.2 cm and (QS) = 6.8 cm. Construct the (]PQRS and measure 
the length of the side RS. 
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10. 


11. 


12. 


13. 


14, 


15. 


In A LMN, (MN) = 5.5 cm, mZM = 40°, (LM) + LN) = 
11.3 cm, Construct the A LMN and measure the length of the 
sides LM and LN. 

In A RST, (RS) = 5.6 cm, altitude RP = 3.7 cm and altitude SQ 

= 4 cm. Draw the A RST and measure Z S. 

In a rectangle DEFG, (DE) = 6.2 cm, (DF) = 7 cm. Draw the rec- 
tangle DEFG and measure the length of the side EF. 

In A ABC, (BC) = 6.2 cm, (CA) = 5.1 cm, and (AB) = 5.5 cm. 
Draw the A ABC, and then construct the circumcircle of that 
triangle. Measure its radius. 

[JPQRS is a rhombus, (PR) = 6.4 cm, (QS) = 8.2 cm. Construct 
the (JPQRS and measure its side. 

Draw a circle of readius 3.2 cm. Take any point P on it. Draw a 
tangent to the circle at the point P. 

in A ABC, KBC) = 6.2 cm, mZC = 50° and (CA) = 5.2 cm, 


Construct the incircle of the A ABC. Measure the radius of the 


incircle. 

Draw circle with centre P and radius 3.2 cm. Take a point Q, 8.2 
cm away from the point P. Draw tangent segments through point Q, 
touching the circle in points A and B. Measure the lengths of the 
tangent segments. 

LIXYZW is a parallelogram. (XY) = 5.8 cm. The height of the 
parallelogram XYZW for the base XY is 3 cm. KYZ) = 3.5 cm. 
Construct the L[]XKYZW. Measure Z XYZ. 

In A ABC, (BC) = 6cm, altitude AD = 4.7 cm, (AB) = 5. 3 cm. 

Construct the A ABC and measure / BAC. 


(JABCD is a trapezium, having seg AB || seg DC. (AB) = 6.1 cm, 


mZ B = 40°, (AD) = 3.6 cm. (BC) = 4 cm, Draw the L)ABCD 
and measure Z A. 

Draw an equilateral A ABC, having its side of length 5 cm. Draw the 
incircle of the A ABC and measure its radius. 
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Chapter 5 
SIMILARITY 
§ 5.1 Ratio and Proportion: . 


You have studied ratio and ‘proportion in your previous class. These 
two notions are closely related to the notion of similarity of geometrical 
figures. Therefore, before we start studying similarity in geometrical 
figures let us recall some ideas about ratio and proportion in relation to 
geometry. 

We know that between the vertices of two traingles there are in all six 
one-to-one correspondences. Because of any one of these, the sides and 
angles of the two triangles get paired. These are called corresponding 
sides and corresponding angles. Given a one-to-one correspondence bet- 
ween the vetices of two triangles, if the ratio of the lengths of the cor- 
responding sides are equal in value the sides of the two triangles are said 
to be proportional. 

Given A ABC, A DEF and ABC <— DEF, fill in the er blanks 
properly to show which sides and angles get paired. 


side AB «— side____ 3; Z2_~___ 7 £D 
side- —--— -— +—~ side EF; ZB <-> ---- |. 
side~--- +~side---- ; ZC +> Z£---- 


Given A ABC, A DEF and ABC <— DEF. If the following holds, 


BABY, MBG: HON: 3 cau rahsg tiie ies oP nGawe. 
KDE) | KEF) ~ FD) we say that the sides of the two 
triangles are proportional. 


Coversely, if given ABC +—~ DEF and the corresponding sides of the 


two triangles i are proportional, then KAB) _ BO) _ KCA) holds. 
I(DE) I(EF) (FD) 

| In short, to say that corresponding sides of the two triangles are pro- | 
portional is the same as saying that the ratios of the lengths of the cor- 
responding sides are equal in value. 

Pp Example 1:— Given ABC<— PQR and 

additional information as given 

in the figure 5.1 state whether the 
corresponding sides of the two 
triangles are proportional. 


715. 


B 4 CE 


Fig. 5.2 
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Example 2:— It is given that under 
ABC «— DEF, the corresponding 
sides of the two triangles are pro- 
portional. From additional infor- 
mation as given in fig. 5.2., find 
(DF). 


given in the fig. 5.3, state whether under 


an: 
Example3:— From the information as 6-7 2 
JX 
“ 


XYZ <—~ UVW the corresponding sides 
of-A XYZand A UVWare proportional. Y 2 Z 6 YV 


§ 5.2 Similarity: 


Fig. 5.3 


Below some figures are given in pairs. 


Fig. 5.4 


Since figures in each pair differ in 
respect of size, they cannot be con- 
gruent to each other. Although the 
figures in each pair are not congruent, 
they very much look alike. Such figures 


’ are said to be similar to each other. 


Like congruence, similarity plays a 
very important role in geometry. Even 
in our day-to-day life we have to use 
this notion on various occasions. Be- 
fore constructing a house we have to 
prepare its map. The map of a country 
enables us to study its geography. By 
taking a real photograph of an enemy 
country it is possible to know the loca- 


tions of centrés of industrial production and important places of military 
establishments. The map or a photograph becomes useful on the basis of 


similarity, 


If we study the reasons as to why actual country and its map or its 
photograph are similar, the first thing that strikes us is that all sides are 
enlarged or are diminished proportionally. Secondly the angle between 
the two sides in real situation is congruent to the corresponding angle in 
the map. The map of a rectangular room has to be rectangular to appear 
similar. The angle between any two roads in a city is congruent to the 
corresponding angle in their map or photograph. 
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By merely looking at the following pairs of triangles we can decide that 
the triangles in each pair are not similar to each other. 


: ay a " 
B > Q 
M WN 
v v Fig. 5.5 


If we study varius pairs of similar and non-similar triangles we observe 
that the triangles do not look similar if either one of the following candi- 
tions holds. | 

(1) If corresponding angles of any one of the pairs are not congruent, 
Or | 
(2) If the corresponding sides of two triangles are not proportional. 
Therefore, given ABC +~ DEF, for A ABC, A DEF to be. 
similar, it is necessary that following conditions be satisfied. | 

(i) ZA=Z2D, ZB = ZEand ZC = ZF. | 

(ii) (AB) _ BQ _ (CA) 


KDE) . (EF) (FD) 


In other words, for two triangles to be similar it is necessary that, 
(1) corresponding angles be congruent 
_ (2) corresponding sides be proportional. 
Thus, given ABC <— DEF, to say that A ABC is similar to A DEF is 
to mean that, | | 
LAZZD,2Z2B22E,Z C= Z F, and 


AB) — KBOQ _ MCA) 
‘I(DE) ~—sC((EF) . FD) 
Conversely, if it is given that under ABC «+ DEF 
i) ZA=2Z2D,Z2B=ZE,2Z2C = ZF and 


., MAB) _ BOQ _ MCA)», th it that AA i 
(ii) (DE) (EF) (FD) old, then it means that A ABC is 
similar to A DEF. 

§ 5.3 Similarity sign and some properties of similarity: — 


To indicate similarity we will use the sign jv. 
A ABC ~ A DEF will then mean that under ABC «— DEF, A ABC 
is similar to A DEF. 


ie 


As in case of congruence, the relation of similarity has the following 

three properties: 
(i) AABC ~ AABC. | 

Every triangle is similar to itself. 

(ii) If A ABC ~ A DEF then A DEF ~ A ABC. 

if one triangle is similar to a second triangle this second triangle is 
similar to the first. oie 

(iii) If A ABC ~ A DEF and ADEF ~ A XYZ then AABC ~ 
MAXYZ, 

If one triangle is similar to a second triangle and this second triangle is 
similar to a third tringle, then the first triangle is similar to the third. 

Coneruence and similarity have a few properties in common. Then in 
what respects exactly do these relations differ? 

In order that the two given traingles be either congruent or similar it is 
necessary in both cases that corresponding pairs of angles be congruent. 
To obtain congruence it is further necessary that corresponding sides be 
also congruent, wheareas to obtain similarity it is further necessary that 
ratios of lengths of corresponding sides are equal in value. If this propor- 
tion is 1:1, we get congruence; if not there is still similarity. 

When the triangles are not congruent but are similar, the proportion of 
lengths of corresonding sides is either greater than 1:1 or less than 1:1. 

From the above discussion it is clear that when the two traingles are 
congruent they are in fact similar. However if it is given that two 
triangles are similar, they may or may not be congruent. 

Exercise 5.1 


, 1. From the information sup- 
70 1d Q plied in figs 5.6, 5.7 give the 
2 | information asked. 
P | Fac (i) If ABC <-> PQR and 
60 AABC ~ APQR,_ then, 
Bo 16 C R P PR) =?, (QR) =?, mZ P=?, 
Fig. 5.6  mLZQ=7,mL2R = ?. 
L 
(ii) If AXYZ ~ ALMN then, | 10 X 
(LM) =?, (MN)=?, 7 Z M=?. 7 
ow 
Mm. N y42Z. 
Fig. 5.7 


2. In fig. 5.8, information regarding P 
the A ABC and APNM is given. : 
With the help of the given informa- WA 
tion fill in properly ae blanks 10 
given. 
M 
If A ABC ~ A PNM, then Fig. 5.8 
TL Pe Ss Sa (MN) =——— 
m ZC =—— PN) = —— 
nL SS BC) = 
3. In fig. 5.9, AABC ~ AQPR. Fill in properly the blanks given. 
C (i) (QR) = ——— 
| (ii) m ZQ = —— 
ye ho (iii) m ZB = ——— 
oe (iv) m ZC = —— 
2) Q C 
A 18 : 
Fig. 5.9 
E 


4. In the fig. 5.10 if AABC ~ A ADE, 
KAD) = 5. (AE) = 6, (BC) = 12, A H “3B 
AB) = 15 then find (AC) and (DE). Fig. 5.10 

§ 5.4 Some important theorems about areas of triangles. 

Theorem: Areas of two triangles are proportional to the products of 
base and respective height of the two triangles. 


In other words ratio of areas of two triangles is equal to the ratio of 
product of base and the respective height of the two triangles. 


A Given: In A ABC, 
! seg AD 1 seg BC, B-D-C 
| ' and in A XYZ, seg XL 1 
Jin I line YZ, L-Y-Z. 
B ODO C OL Y Z. 
Fig. 5.1] 
To prove: A(A ABC) _ (BC) x MAD) 


A(A XYZ) YZ) x (XL) 


Proof: A(A ABC) = 7 (BC) x KAD) | py using relation for 
A(A XYZ) = 1 (YZ) x KXL) the area of a triangle 
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: _A(A ABC) _ KBC) x_KAD) 
A(A XYZ) KYZ) x KXL) 

Or —__(1) 
A(A ABC) _ _A(A XYZ) | 
(BO)x (AD) _WYZ)x (XL) 


Now suppose that these two triangles are of equal heights. Then, 
KAD) = (CXL) in (1) gives | 


A(A ABC) _ (MBC) or A(A ABC) _ A(A XYZ) 


ww ——ee — 


A(A XYZ)  KYZ) (BC) (YZ) 


_. Therefore, triangles of equal heights have areas proportional to their 
bases. | 

Again suppose that the triangles have equal bases. Then, /(BC) 
= I(YZ) in (1) gives 


ACA ABC) _ (AD) or AGA ABC) _ A(A XYZ) 


—_—_ ee — 


A(A XYZ) XL) KAD) ICXL) 


Therefore, triangles of equal bases have their areas proportional to 
their heights. 


Exercise 5.2 


P ; 


1. In fig 5.12, seg AE + seg BC, B-E-C and 
seg PM + seg BC, E-C-M. If (AE) = 12 and 
(PM) = 16 then, 


A(4 ABC) _ , 
A(APBC) ° ) A 


2. In fig 5.13 B-P-C. (BC) = 14 and (BP) =5. 
There are three triangles of equal heights. 


Find them and fill in the blanks. B Pp C 
14 
Fig. 5.13 
A(A ABP) _ A(G ABP) _ : 
A(A APC) A(4 ABC) 
A(A APC) _ 


A(A ABC) 
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3 In fig. 5.14, line L |} . | 
line M. From the fig- pP 6 Q2R 
ure answer the follow- 
ing questions. 
(1) Name three triang- L 
les having base seg AB. A B 
Fig. 5.14 
(ii) What conclusion can you draw about the height and areas of 
triangles on segment AB? 
(iii) Are triangles, A APQ, A BPQ, A BQR, A BPRandA APRof 
the same height? | 
(iv) Write the values of the following ratios: 


(1) A( APQ) (2) ACG AQR) (3) AG BPR) (4) A(A APR) 


A(A BPR) A(A APR) A(A AQR) A(A BPR) 
P _ 
4. In fig. 5.15, 7mZ ABC = mZ PCB = 90°. (AB) 
A = 2 4PC) =-5. . | 
5 
”) Find AG ABC) 
A(A4 PBC) | 
B C L 
Fig. 5.15 | 


5. In fig 5.16, segment LP is the median of 

A LMN. Show that A(A LMP) = A(A LPN) 

[ A median of a triangle divides the triangle — 44 P N 
into two triangles of equal areas. | | Fig. 5.16 


6. From the fig. 5.17 select at least one pair of triangles of given description. 
Line L || Line M. 


p Q (i) Triangles of equal bases and dif- 
ferent heights. 
(ii) Triangles of equal heights and dif- 
ferent bases. 
(iii) Triangles of equal bases and equal 
heights. 


8 | 


7. In be 5.18 Line L || Line M. Line M is a number line. KAB) = 
(BC) = 


Fig. 5.18 
From the figure and the given information fill in properly the blanks 
below. 


Gj) AQQBPT) _~ _ (ii) A(A QAR) _ 
A(A PCR) A(A PCT) 

(iy A(ARBO) _ (iv) A(A PBT) _ 
A(A QAT) A(A RBV) 

(vy) A(QO ABR) 2 (vi) ACA ART) _ 
A(A PBV) | A(A OBV) 


8. Two triangles have equal areas. Their bases are in the ratio 1:3. 
Find the ratio of their heights. 


9. On the diagonal BD of a quadrilateral 


A QO) ABCD seg AM and seg CNare a a 
cular. Then, 
A(4 ABD) _ K---) 
B A(A CBD) I(---). 
C If [JABCD is a parallelogram, (AM) 
Fig. 5.19 = 5, find (KCN). 


10. Areas of two triangles of equal heights are in the ratio 2:3. Base of 
the smaller triangle is 7. Find the corresponding base of. the other 
triangle. 


11. In the figure 5.20, mZ DEF = 90°, seg EP + p 
seg DF. D-P-F, then show that, 
MEF) _ 10 
KEP) (DE) a: 
E Fig. 5.20 r 
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§ 5.5 Three parallel lines and their intercepts: 


In figure $5.21 three parallel lines and -their 
two transversals are shown. From the figure; 
(TU) = 

By filling the blanks below properly in- 
dicate the property which you have used in| 
solving the above problem, about three 
parallel lines and the intercepts. Fig. 5.21 


If three parallel lines make congruent intercepts on a transversal then 
it makes ——-—-— —— intercepts on any other transversal. 

Now study the fig. 5.22. In it are given 
three parallel lines which do not have con- 
gruent intercepts on any tranversal. But in the 
figure seg QR has twice the length of seg PQ. 
It is natural to feel that this property holds 
true in respect of any other transversal. 
Therefore, (ST) appears to be twice (US). 

In the previous fig. 5.21 the ratio 1:1 bet- 
ween the lengths of the intercepts remains 

Fig. 5.22 constant. Our mind feels that the ratio 2:1 
remains constant in respect of lengths of intercepts in fig. $.22. But this . 
property requires proof. To be able to supply its proof, we need to study 
the basic theorem on proportionality. First let us, therefore, get ac- 
quainted with some concepts. : 


§ 5.6 Division point of a segment and its uniqueness: 


| 8B 
On segment AB if C is a point such that ; 
A-C-B, we say that C divides segment AB A C : 
internally in the ratio ((AC):(CB). The Fig. 5.23 
ratio AAS is known as the ratio of internal division. : 


Co 


If, however, the point C is on the line AB such that A-B-C or = A-B 
then C is said to divide the seg AB exter- 4 


nally in the ratio ((AC):XCB). The ratio i) 
KAO ; 2 
(CB) is known as the ratio of external Fig, 5.24 


division. If A-C-B, C is known as the point of internal division and if 
A-B-C or C-A-B, it is known as the point of external division. 


&3 


The point of division (whether internal or external) of a given segment 
dividing the segment in a given ratio is unique. 

We will not attempt to prove the above statement. One should bear in 
mind, however, that a proof of this statement can be given. 


§ 5.7 Basic Proportionality theorem: 


If a line parallel to a side of a triangle intersects the other two sides in 
two different points then it divides these sides proportionally. 


A 
In A ABC, line PQ intersects seg AB and seg AC in 
Q distinct points P and Q respectively. seg PQ || seg BC. 


EP To establish the above theorem we will have to show 
that MAP) _ KAQ) 
(PB) QO 
Fig. 5.25 


Because of seg PC, A ABC gets divided into A APC and A BPC of 
equal heights. 


. ACA APC) _ 

A(A BPC) 

Similarly because of seg BQ, A ABC gets divided into A ABQ and 
A CBQ of equal heights. 


. AQABQ)_MAQV a 
A(A CBQ) = (CQ) 

Now, A BPQ and A CPQ stand on the same base segment PQ and bet- 
ween the same parallels and so have equal areas. To these two triangles 
we adjoin A APQ to get A ABQ and ACPA. 

- A(A APC) = A(AABQ) 2 (IIT) | 

Ae. A BPC and A BQC stand on the same base segment BC and bet- 

ween the same parallels. 


. A(A BPC) = AAABQQ)  —-—-—-—--— (IV) 
From (III) and IV) 
A(A APC) _ ACA ABQ) (V) 


A(A BPC) A(A BQC) 
. From (I), (II) and (V), 


MAP) MAQ) (VI) 
KBP) (&CQ) 
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Example 1: In fig. 5.26, P and Q are points of inter- ip Q 
nal division of seg AB and seg AC respectively and 
seg PQ || seg BC. Show that 


; Fig. 5.26 
(i) (BP) _ (CQ) ( (ii) KAB) _ MAC) (iii) (BP) _ CQ) 
(AP) (AQ) (AP) KAQ) (AB) (AC) 

While proving the basic proportionality theorem we had assumed that 
A | P and Q were the points of internal division. But 
the theorem can be proved for the case when 

B 6 both P and Q are points of external division of 
_ seg AB and seg AC, for in that case, in A APQ 
Q the points B and C become points of internal 


Fig. 5.27 division. 


§ 5.8 Converse of basic proportionality theorem: 


_Ifin Q ABC points P and Q divide seg AB and seg AC proportionally 
then seg PQ || seg BC. 


A 
(AP) _1AQ 
Given: In A ABC (PB) (QC) ‘ 
A-P-B and A-Q-C. p Q 
To prove: seg PQ || seg BC. | 
Proof: Suppose that a line through P parallel to. seg C 
BC intersects seg AC in T. Then, by basic propor- ee ee : 
Fig. 5:28 

tionality theorem, | 

MAP) 2 MAT) (I) 

PB) (TC) 
But, MAP) — MAQ) eee (Given) 

(PB) QC) | 

MAT) = (AQ) (II) 

(TC)  KQC) = 


This shows that there are two points T and Q which divide seg AC in 
the same ratio. But this is not possible. Therefore, T and Q coincide. 
But seg PT || seg BC 
- seg PQ || seg BC. 
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Exercise 5.3 


1. In fig 5.29 A-D-C, C-E-B. seg DE |{ seg AB. 
KAD) = 4, (DC) = 8, (BC) = 24, (EB) = x. 


KAD) _ (EB) _ x 4 _x 
) 100) =: EQ ci) ay 
3 Fill in the blanks above and find the value of x. 

Fig. 5.29 | X 
2. In fig. 5.30, X-L-Y, X-M-Z. seg. LM ' oe 
IXY) = 10, KLY) = 6, (XZ) = 25, (MZ) = 
Now by filling in the blanks properly eas 


the value of ¢. y 
KYL) . 6 AMZ) _~ ft 6 Fig. 5.30 
I(XY) [| ZX) Oa ogo 
L R 3. In fig. 5.31, seg SR || seg LM. L-R-N, M-S-N, 
(RN) = 8, (LN) = 18, (MS) = 6, (SN) = p. 
=~ By filling in the blanks properly determine the 
MS N viaue of p. 
Fig. 5.31 MLR) = (1) 
mR) O_O MS 2 4 Q 
(RN) Cl P USN) °° PO i 


4. In the fig. 5.32, A-B-P, A-C-Q, (AB) = 7, 
KAC) = 8, KAP) = 14, seg BC || seg PO. 
Find (AQ) and (CQ). A BP 
. : | Fig. 5.32 


5. From the information given in the fig.. 5.33, 
4 state whether seg XY || seg QR. 


Q 
Fig. 5.33 R A, 0 | 
6. In fig. 5.34 if seg DE is to be parallel to seg ae, 
what should be (EC) ? 
BYE C 
Fig. 5.34 
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§ 5.9 Three parallel lines and a transversal: 


Now we are in a position to answer 
satisfactorily the question posed earlier 
in article 5.5 in respect of three parallel 
lines and intercepts on transversals 
made by them. L, M and N are three © 
parallel lines and X and Y are their 
transversals. Line X intersects lines 
L,M and N in P,Q and R respectively. 
Line Y intersects lines L,M and N in 
points E, F and G respectively. 


(PQ) _ MEF) 

T : = 

0 prove: = (OR) (EG) 

Construction: Join points P and G and let seg PG intersect line M in H. 


Proof: In A PRG, line M || seg RG. intersects seg PR and seg PG in 
distinct points Q and H respectively. 
. by using basic proportionality theorem we have, 


KPQ _ KPH etch 
(QR) (HG) 


@ 
Similarly, in A EGP,seg HF || seg PE intersects seg PG and seg EG 
in distinct points H and F respectively. : 

. by using basic proportionality theorem we have, 


(PH) MER) 
MAG) FG) oa 


from (I) and (II) we have, 


PQ) _ MEF) 5 eee (111) 
QR) I(FG) 


The ratio of the intercepts made by a transversal on three parallel lines | 


equals the ratio of the corresponding intercepts made by any other 
transversal on the same parallel lines. 
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Exercise 5.4 


1. In figures 5.36 and 5.37 below, three parallel lines are shown. 
Lengths of intercepts made by transversals are also shown in the 
figures. From this information find the value of x. 


eee Fig. 5.37 


2. in the fig. 5.38 seg AB || seg CD |} seg PQ 
(CP) = 18, (QD) = 15, (BD) = 35, KAP) 
DB =? | | 
ie Q 
Fig. 5.38 
3. In fig. $.39 seg PA, seg QB, 
seg RC and Seg SD are t to 
seg AD. 
(AB) = 60, (BC) = 90, KCD) 
= 120, (PS) = 360, ‘find (PQ), 
(QR), (RS). E Fig. 5.39 


A 4. Theorem on angle bisector of a triangle. 
Fig. 5.40 In fig. 5.40, seg AD is the bisector of 
£ BAC of A ABC. B-D-C. 
7 |\ sez CE || seg AD. B-A-E. 
B D C Now fill in the gaps below. 
ZBAD= Z ___ (corresponding angles) = 2 ————~— (1) 
Z DAC # Z__— (alternate angles) —~——~— (2) 
But, Z BAD = Z DAC (given) | a 29) 
. from (1), (2) and (3), ae 
i en ee A (4) 
In A AEC, seg —--— A (S) 


In A BEC, seg AD }} seg CE. 
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. by basic proportionality theorem, 


BA. ABD) ____'_%6) 
KAE) AM __) 

But, from (5), (MAE) = ————————(7) 
. (BA) ABD) _ (8) 


KAC) KDC) 

( Angle bisector of a triangle divides the side opposite to the angle pro- 
portional to its sides. ! 

The above theorem is also true about the bisector of an exterior angle 
of a triangle. 

In the fig. 5.41 ray AD i is the bisector of an exterior Z CAP 
of A ABC ais 
To prove: AAD) (AC) sa (D C) 
Let A-X-B, and let seg CX 1 seg AD. 
show seg AX = seg AC 
Now, in A BAD, seg CX || seg AD. 


(AX) (DC) 
MAB) _ KBD) 


5. In fig. 5.42 seg AD bisects the angle A. From 
the information given in the figure, find the 
value of x. 


Fig. 5.42 


§ 5.10 Necessary and sufficient conditions of similarity: 


We have seen that for two triangles to be similar it is necessary that 
corresponding sides be propo:tional and corresponding angles be con- 
. gruent. Even if one of these conditions is broken the triangles are not 
similar. Now by fulfilling some out of the necessary conditions if the re- 
maining conditions also get fulfilled then we could say that those some 
conditions would be sufficient to ensure similarity. 

Exactly similar situations had arisen when we studied congruence. In 
order that two triangles become congruentNt is necessary that six condi- _ 
tions be satisfied; their corresponding sides and angles have got to be 
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congruent. But we had seen that if out of the six conditions some group 
of three conditions is satisfied then the remaining three automatically get 
satisfied and the triangles become congruent. So that in order that two 
triangles be congruent it is sufficient that some group of three conditions 
be satisfied. These sufficient conditions for congruence are none, other 
than S-A-S, A-S-A, S-S-S and A-A-S tests for congruence, 

Exactly similar situation pertains in respect of similarity of two 
triangles. Out of the conditions necessary for ‘similarity if some are 
satisfied then the rest automatically get satisfied. These are the sufficient 
conditions which ensure similarity. We will call such a group of sufficient 
conditions a test for similarity. It should be understood that these can be 
proved although we will not worry about proving them for the present. 
We will assume the truth about the tests for similarity. 


§ 5.11 Tests for similarity: is 
(1) A-A-A test for similarity: 
Given a One-to-one correspondence between vertices of two triangles if 
the corresponding angles are congruent then the two triangles are similar. 
In other words, given a one-to-one correspondence between the ver- 
tices of two triangles if the corresponding angles are congruent then the 
corresponding sides are proportional. a 
Given: ABC <— DEF. If in 
A ABC and A DEF, ZA = ZD, 


A 
| D £B= ZEand ZC ZF, then, 
<d KAB) __ BQ _ 4CA) and 
B Cc fF - MDE) (EF) FD) 


Fig. 5.43 A ABC ~ A DEF. 


(ii) S-A-S test for similarity: 


Given a one-to-one correspondence between the vertices of two 
triangles, if two sides of One are proportional to corresponding sides of 
the other and the angles included by them are congruent then the two 
triangles are similar. 


In other words, given a One-to-one correspondence between the ver- 
tices of two triangles if two sides of one are proportional to the cor- 
responding sides of the other and the angles included by these sides are 
congruent then all the corresponding angles of the two triangles are con- 
gruent and the corresponding sides of the two triangles are proportional. 
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Given A ABC, A DEFand ABC «~DEF. A 


MAB) _ (BO. 3 
If DE) = KER 284 4 B = 4 E; then D 
LA=2ZD,2ZC#= ZF, aN 
(AB) _ (BO _ KCA) B C Ee 
(DE) (EF) (FD). Fig. 5.44 | 


and A ABC ~ A DEF. 


(iii) S-S-S test for similarity: 

Given a One-to-one correspondence between the vertices of two 
triangles. If the sides of one are proportional to the corresponding sides 
of the other then the two triangles are similar. 

In other words, given a one-to-one correspondence between the ver- 
tices of two triangles. If the sides of one are proportional to the cor- 
responding sides of the other then the corresponding angles of the two 
inane’ are congruent, 

Given A ABC, A DEF and | 
ABC <-— DEF. 


KAB) _ _ MCA) 
AS 7 DE) ee (FD) 


LA=ZD, 2Be ZE, ZC= ZF and 
Fig. 545 4 ABC~ A DEF. — 


Exercise 5.5 


1. In figures below angles with similar makes are congruent. From: the 
information given in the figure if you can conclude that triangles are 
similar, name the test that ensures similarity. 


(1) 
i, 
(ii) al. 


Fig. 5.46 Z 
1M _ LN LN 
KXY) XZ) MON ¥ Y 
Fig. 5.47 


9! 


(iii) P a 
KPQ)_ AQL) _ ALP) W V 
(UV) = UVW) (WU) ° we 

Q L yi | 


: Fig. 5.48 
2. In each figure below two triangles are given. In each figure some in- 
formation alongwith a name of a test for similarity is given. If accor- 
ding to that test the two triangles are to be similar the information 
given in the figure is not enough. You have to supply additional in- 
formation so that the test would work. | 


A-A-A : 
al, 
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(iil) Bp sak <—> PNM 


sec 


(xv)! Ke _ —> ee 


3. (Theorem): If two triangles are similar the ratio of any two sides of 
one triangle is equal to the ratio of the corresponding sides of the 
other triangle. 

To prove this theorem we shall indicate the lengths of the sides of a 
triangle by small letters. For example, @ means the length of the side op- 


pOsite to the vertex A. 


Given: A ABC ~ A XY7 
To prove: ¢ 


5_* ¢ a A 

ee b= 5 andg=* 

Proof: A ABC ~ A XYZ P b x 
. @_ b_c A ¥ 
xy ne 

From roe we get, B C ee 4 
b 

q = yand§ = % Fig. 5.67 


Hence the ratio of any two sides of the first triangles is equal to the 
ratio of the corresponding sides in the second triangle. 

Remember that this theorem will be very useful in the study of 
trignometry. 


. 4. In A ABC, A-P-B, A-Q-C, seg PQ {{ seg BC 


Show: A APQ ~ A ABC C 


Fig. 5.68 


5. In A ABC seg AD _ seg BC, seg EB | seg AC, 
- B-D-C, A-E-C. 
Show: A ADC ~ A BEC 


Fig. 5.69 
OD C | 
6. In trapezium ABCD, seg DC || seg AB 
Diagonals AC, BD intersect at O. 
O Show that O divides seg DB and seg AC 
in the same ratio. 


A B 
Fig. 5.70 


7. In fig. 5.71 A ABC ~A PQR. 
O and M are the incentres of the 
two triangles respectively. seg OD 
1 seg BC, seg MN + seg QR. 

(OD) _ (BC) 

Show that aS (Gn 
We have, AOBD~AMQN, 
A ODC ~A MNR. 


94 


(OD) _ (BD) _ ((DQ _ KBD) + KDC) 
(MN)  KQN) NR)  KQN) + (NR) 


(OD) _— MBO) 
(MN) (QR) 
[ The radii of incircles of two similar raneles are proportional to 
their corresponding sides. ! 


8. In Fig. 5.72 A ABC ~ A PQR. 


A 
set BL, seg QM are bisectors of 
Z ABC and Z PQR respectively. 
A-L-C, P-M-R. i A 
Show: (BM) _ AB) | | 
(QM) KPQ) ZL 
B C Q R 


First show that 
[ AABL~ A PQM! Fig. 5.72 


{ In similar triangles corresponding angle bisectors are proportional to 
their eonrespencme sides. | 


9. In fig. 5.73, AXYZ ~ ALMN. 


seg XT 1 seg YZ, set LP 1 seg MN. 
Y-T-Z, M-P-N. 
Show: (XD. _ XY) 
New’ (LP) (LM) 


Fig. a (First show that A XYT ~ A LMP) 


[ Corresponding heights of two similar triangles are proportional to | 
the corresponding sides of the triangles. | 


A 
10. In fig. 5.74, AABC ~ A DEF. 
seg AX is the median of A ABC. D 
seg DR is the median of A DEF. 


AX) _ MAB) 
Show! (DR) ADE) BUX CERF 


(Show that A ABX ~ A DER.) ; Fig. 5.74 


[ Corresponding medians of two similar triangles are proportional to 
the corresponding sides of the triangles. | 
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11. In fig. 5.75 seg AB || seg MN. 
From the information given in the figure find 


OKA 3 (OM) 
M .N 
Fig. 5.75 


12. (Theorem): Areas of two similar triangles are proportional to the 
squares of the lengths of their corresponding sides. 


Given: A ABC © A PQR. Seg AD and 
seg PF are altitudes of A ABC and 
A PQR respectively. 


ataaso,. japoy 4 DC Q@ FR 
To prove: ‘A (A POR) = (QR)? Fig. 5.76 


reek A ABC ~A ss 


» LABD@= ZPQF 
ng MAB MBC MA > 
(PQ) KQR) PR) | 


Now, since A ABD and A PQF are right angled triangles, and from 
(1) < B= ZQ, 
A ABD ~ A PQF 


. KAB) _ KAD. ee 
(PQ) APF) 
. MAB) _ KAD _ (BC) ere 


(PQ) PF) QR) 
Now, A ABC) _ ABC) x/ (AD) 
A(APQR) —- (QR) x/ (PF) 
-~ (BQ, MAD 
KQR) (PF) | 
~ TOR) * ae) | from (3) and (4)] 


(QR) 
_ AWWABC) _ [BO]? 
A(APQR)  [AQR)}? 
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§ 5.12 Similarity of right angled -triangles: 


By A-A-A test two triangles become similar when their corresponding 
angles are congruent. In any triangle the sum of the measures of its 
angles is 180°. Because of this if two pairs of corresponding angles of 
two given triangles are congruent pairs then remaining pair is also a con- 
gruent pair and the triangles become similar. 

In two right angled triangles, however if an acute angle of one triangle 
is congruent to an acute angle of the other then the two triangles become 
similar. 

If a perpendicular is dropped on the hypotenuse of a right angled 
triangle from the opposite vertex we have two more right angled 
triangles. These two triangles along with the original triangle are similar 
to each other. This we now prove. 

Theorem: The two right angled triangles obtained by dropping a perpen- 
dicular to the hypotenuse from the opposite vertex of a right angled 
triangle are similar to each other and also to the original triangle. 


Given: In A ABC, m Z B = 90° seg BD 1 seg AC, 
A-D-C, A- 
To prove: A DBA ~ A DCB ~ A BCA. 
Proof: In right angled triangles, A DBA and A BCA, D 
LAZ=ZA 
A DBA ~A BCA (by A-A-A test) ——/(1) 
Similarly in right angled triangles, A DCB and C 
ABCA, ZC = ZC Fig. 5.77 


4 DCB ~ ABCA (by A-A-A test) ————(2) 
. from (1) and (2), | 
A DBA ~ ADCB ~ ABCA. 


Corollary: In a right angled triangle the perpendicular segment to the 
hypotenuse from the opposite vertex is the geometric mean of the 
segments into which the hypotenuse is devided. 


Given: In AABC,m ZA = 90°, 


A — seg AD 1 seg BC. B-D-C. 
To prove: j (AD) |* = (BD) x (DC). 
Proof: AADB ~WACDA 
. MAD) _ ABD) 
F 5 C DC) ~ KAD) 


Fig. 5.78 * | MAD) }* = (BD) x KDC). 
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Exercise 5.6 


1. In fig. 5.79, m_ ZB = 90°, seg BD + seg AC, 
A-D-C, KAD) = 8, (DC) = 10, (BD) = x, (BC) 
= y, (AB) = z. 

Find the values of x,y and z. 


Fig. 5.79 


2. A ABC~ A PQR and if their areas are 81.sq cm and 144 sq cm 
respectively and (BC) = 3cm, find the length, of seg (QR). 

3. In two similar triangles the ratio of the corresponding sides is 2:3. If 
the area of the smaller triangle is 64.sq cm, find the area of the larger 
triangle. 

4. In a trapezium ABCD, seg AB |j seg DC. KAB) = 3((DC). The 
diagonals of the trapezium intersect at O. : 


Show that A(A OCD) _ 
A(A OAB) =3 


§ 5.14 Theorem of-Pythagoras: 


The square pf the hypotenuse of a right angled frianiete equals the sum 
of the squares of the other two sides. 

We have already-proved this theorem. At that time we looked at this 
theorem as a theorem concerned about certain areas. We know that by 
dropping a perpendicular.on the hypotenuse of a right angled triangle 
from the opposite vertex we get three similar triangles. By using this fact 
we have a simpler proof for the theorem of Pythagofas. 

To prove this theorem we shall indicate the lengths of the sides of a 
triangle by small letters a, b, c as shown in the figure. 


Given : In A ABC, mZ ACB = 90°. 
Seg CD + seg AB, KAD) = x. | 
To prove: | (AB)! 2 = [ (AC)] 2+ [ (BO) ? 
A D 
i.e. c? = b* + a2 : C bee 
Fig. 5.80 
Proof: A ABC ~ A ACD. (similarity of right angled triangles) 


Similarly A ABC ~ A CBD (similarity of right angled triangles) 

- _@ 
' C©-x 
- at = cC(e-x) = ce-cx — (2) 
from (1) and (2), 

Als de 2 

. c2 = a2 + be 

{ (AB) }? = [KBC)]? + {MAC) |? 


mer 
~ a 


Exercise 5.7 


1. From the lengths of sides given in the following triangles determine 
whether they are right angled. Small letters denote lengths of sides 
Opposite to vertices having corresponding capital lettes. 

(i) In A ABC, a = 7, b = 24, c = 25 
(ii) In A DEF, d = 13,e = 12, f = 5 
(iii) InA XYZ, x = 5, y = 8,z = 10 


2.In A ABC, mZ ACB = 90°. A 
P and Q are mid-points of seg AC and seg CB 
respectively. p 
Show: 
(i) 4 [KAQ) ee = 4 [KAC) !? + (MBC) ]? 
(ii) 4 [| (BP) ]? = 4 [ MBO) j27+ [MACE]? C QQ 8B 
Fig. 5.81 | 
A D | 


3. Point O is inside a rectangle ABCD 
A Show: | (OB) 7 + | OD) |? | 
= |MOA)]?7+ [KOC |? | 
— ~~ (Hint: From O draw parallel segments to op- 


B | C posite sides of the rectangle and terminating on 
Fig. 5.82. them. Use Pythagoras theorem.) 


4. O is a point in the interior of A ABC. seg OD, 
seg OE and seg OF are pependiculars to seg BC, 
seg AC and seg AB respectively. 

Show: [ MAF) ]? + | BD) ee [MCE) } 1 

= [MAE)]*+ [MCD)]7+ [BF]? 
(Hint: iain O to ‘A, B,C and use Pythagoras’ S 
_ theorem.) 


§ 5.15. Theorem: 


If a point O is a common point of either internal or external division of 
two chords AB and CD of a circle then | | 
KOA) x KOB) = KOC) x MOD) 


Case 1: O is a common point of internal division of the two chords 
AB, CD. 


Given: chord AB and chord CD of a circle intersect 
each other at O. The paint O is in the interio 
of the circle. 3 
D To prove: KOA) x KOB) = KOC) x KOD). 
Proof: In A AOC and A DOB, 


¢ AOC = 2 DOB } (Give reasons) 
Fig. 5.84 and Z CAO = Z BDO Jj}. 
. A AOC ~ A DOB © 
. KOA) _ KO 


~ OD) ~~ OB) 
KOA) x MOB) = KOC) x KOD) 


Case 2: O is acommon point of exter- 
nal division of two chords AB and A 3 
CD of a circle. 

Given: chord AB and chord CD of a 
circle intersect each other at O. The C D 


point O is in the exterior of the 
circle. 


To prove: (OA) x MOB) = KOC) x (MOD). 


Proof: Draw seg AD and seg BC 
In A ADO and A CBO 
Z AOD = Z COB 
Z DAO = ZBCO 
. AADO ~ ACBO 
KOA) _ MOD) 


—_ 


KOC) —— -KOB) 
KOA) x KOB) = KOC) x KOD) 
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§ 5.16 Theorem: 


Given a point O outside a circle, a segment OT tangent (to the circle at 
T and a secant from O intersecting the circle in A and B 

then { MOT) ]* = KOA) x MOB) T 
Given: A point O outside a circle, seg OT is a 
tangent segment at T and secant through O in- 
‘tersects the circle at A and B. 
To Prove: | (OT) |? = KOA) x KOB) B 0 
Construction: Join seg AT and seg BT 
Proof: In AOTA and AOBT in the © Fig. 5.86 
correspondence OTA <~ OBT, 
| ZL TOA = ZTOB 

Z ATO = Z TBO (Give reason) 
. AOTA ~ AOBT 


. KOT) _ KO 
OB) > ah | MOT) ]% = KOA) x OB) 


Using the above theorem we can easily prove the second case of the last 
theorem. 
7 In fig. 5.87, 
KOA) x KOB) = {| MOT) } 
0 KOC) x KOD) = {KOT)] 2 
“« KOA) x KOB) = KOC) x KOD) 

We also know that two tangent 
segments can be drawn to a circle from a 
point outside the circle and the segments 
are congruent. We verify this Bropenty. 
using the above theorem. 

In fig. 5.87, | KOT) li = KOA) x KOB) 
: | KOR) lies = KOA) x ae 


Fig. 5.87 


| (OT) |2 = | OR) ]2 - KOT) = KOR). 
Exercise 5.8 
1. In fig. 5.88 if 4 
(i) (AB) = 8, KBC) = 6, (CE) = 7, Ps 
then (DC) = ? 
(ii) (CT) = 6, (DE) = 5, C 
then (CE) OD 


(iii) MAP) = (EP) = 4, (PB) = 2 — 
then (DP) = ? Fig. 5.88 
(iv) (DP) = 3, (DB) = 5, (PE) = 4, then (AP) = 


10] 


2. In fig. 5.89, diameter CD 1 chord AB of 
circle of radius rand centre P. The point of in- 
tersection of seg CD and seg AB is M. If, 

(i) (PM) = 8, r = 10, find (AB) 
(ii) (AB) = 12, r = 20, find (PM) 


D Fig. 5.89 


3. seg MN is a diameter of a circle of radius r. 
seg PM is tangent to the circle at M. seg PN in- 
tersects the circle at Q. 

Show: (PN) x (QN) = 4r | 
(Hint: [ (PN) ] 2 = 4r2 + [(PM) }2, 
[ (PM) ]* = (PQ) x KPN)) 


Fig, 5.90 
4. In fig. 5.91, (SQ) = , (PQ) = 3, 
VT) = 6, (ST) = m, find m. 
C 


5. In fig. 5.92, seg CT is a common 
‘tangent segment to two circles which 
touch each other externally at T. 
Secants from C intersect one circle 
in A and B and the other in D and E. B 


Show: (CA) x (CB) 
= (CD) x CE). | Fig. 5.92 


6. In fig. 5.93 seg AB and 


0 A seg CD intersect at P and 
(PA) x (PB) = (PC) x 
. yo) PD). . 
Show: (i) APBC~A PDA 
(ii) to what angle is 
8 Cc Z DAP congruent ? 


(iii) Show that points 


Fig. 5.93 
A, B, C and D are concyclic. 
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‘7, In A ABC perpendicular segments, seg A 
AD, seg BE and seg CF, from the vertices 
of the triangle to the opposite sides in- E 
tersect at a point M. Show that a circle 
passes through the points A, B, D and E. 


(MA) x (MD) = (MB) x (— — — ) 
(Fill in the blank properly). B D C 
Similarly, | Fig. 5.94 
KAM) x (MD) = (BM) x ((— — — ) 
= (CM). x (-—-—— ) 


(Fill in the blanks properly). 


Miscellaneous Exercise — 5 


1. State whether the following statements are true or false. Give a 
counter example to establish that it is false. 
(i) Two triangles of equal heights are equal in areas. 
(ii) If two triangles are similar they are congruent. 
(iii) If two triangles are congruent they are similar. 
(iv) Two right angled triangles are always similar. 
(v) In two right angled triangles if the ratio of their bases is equal to 
the ratio of their altitudes then they are similar. 3 
(vi) AABC © APQR and AABC “LMN, 


then, (AB) _ (AB ) 
KPQ) KLM) 


2. Fill in the blanks properly in the following statements. 
(i) Ifa line divides the two sides of a triangle proportionally then it is 
to the third side. 
(ii) If two segments divide the two given sides of a triangle propor- 
tionally then they are to each other. 
(iii) In a A ABC, P is a point on seg AB such that (AP) = + (AB). 
Then A(A APC) = A(A ABC) 


(iv) In two similar triangles if the ratio of the corresponding sides is 
then the ratio of the corresponding altitudes is 


(v) In two similar triangles if the ratio of areas is 7 2 9 then the ratio of 
the corresponding sides is 
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3: 


A 


2: 


Te 


In two similar triangles the ratio of the corresponding sides is 3, Fill 


in the following blanks with suitable values for:— 
(i) ratio of their corresponding altitudes 
(ii) ratio of their corresponding medians 
(iii) ratio of their corresponding angle bisectors 
(iv) ratio of radii of their incircles_ — — ~ _ _ _ 
(v) ratio of their areas : 
B E C 4. Ina parallelogram ABCD, E isa | 
C7, on seg BC. If F is the point of intersec- 
tion of seg ED and diagonal AC, find| 
etl the value of x from the information 
; given in the figure. 
Fig. $.9§ A 8 D 
in a trapezium ABCD, seg AD || ae 4 


seg BC and E is the point of in- 

tersection of diagonals AC and BD. Lee 
Find the value of a x from the in- B . 
formation given in the figure. Fig. 5.96 Cc 


6. Find the value of x from the information given in the 


figure. 
NE , B | 
Fig. 5.97 AE 8 
In a trapezium AECD seg AB || seg DC. \ 7 


Points E and F are the points on seg. ~ 
AB and seg DC respectively. If G is the 
point of intersection of the diagonal 


DB atld seg EF, show that £—) = C 


8. Ina triangle ABC, seg BD 1 seg AC and A-D-C; seg DE 1 seg AB 


and B-E-A. Then prove that (DE) x KAD) = KBD) AE). 


B C’ 9. if fig. 5.99 m(atc BPC) = mn(arc CQD). Then 
show that (AC) x KEC) = [ (BC) }? 


r Fig. 5.99 
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10. In A PQR, m™ Z PRQ=90°, 
seg PS t+ seg PQ.Then from 
the information given in 
the figure answer the 
following questions. 


Fig. 5.100 
(i) If m=27, n=3, then find the values of a, p and q. 
(11) If 7 =24, n=6, then find the values of a,p and gq. 
(ili) If p=15, nm =9, then find the values of m and gq. 
(iv) If a=8, m= 16, then find the values of p and q. 
11. The areas of two similar triangles are 16 and 25 sq_ units. Find the 
ratio of the areas of their incircles. 
12. In two similar triangles the area of the larger anes) is 9 times the 
area of the smaller triangle. If one side of the smaller triangle is 5 cm. 
long find the length of the corresponding side of the larger triangle. 


A 


13. Ina A ABC, point D is the point of seg AC 
such that (AD) = 2((DC) and point E is 


0 the point on seg BC such that seg DE || 
seg AB. If A(_JABED) = 40 sq. units 
B E C then find the area of A ABC. 


Fig. 5.101 
14. In two similar triangles the sides of the smaller triangle are 5,7 and 8. 
If the perimeter of the larger triangle is 100 find the sides of the larger 
triangle. 
15. Solve the following problems from the information given in the ad- 
joining figures. 


(a) In fig. 5.102 if 
(i) (AE) = 10, (EB) = 6, (CE) = 12, then find A. 


KED). C 
(ii) (AB) = 15, (EB) = 8, KED) = 4, then find 
CE). . 
(iii) (AE) = 6, (ED) = 4, (CD) = 13, then find 
I(E:B). 


hie, 5.402 


lds 


(b) In fig. 5.103 if 
B (i) (AC) = 16, KAD) = 4, 
then (AB) = ? 
(ii) (AB) = 6, (AD) = 3, 
then (AC) = ? 
A 5 C (iii) MAC) = 20, MAB) = 10, 
then (AD) = ? 
Fig. 5.103 


(c) In fig. 5.104 if | 
(i) (AD) = 6, (OD) = 9, 
then (AB) = ? 
(ii) KAD) = 5, KAB) = 10, 
then (OD) = ? 
(iii) (AB) = 12, (AC) = 18, 
then (OD) = ? 


‘Chapter 6 
TRIGONOMETRY 


§ 6.1 We make use Of a scale or a tape if we wish to determine the length, 
breadth and height of a table: By physically measuring we may get to 
know how long and how wide a farm is. But certain heights and distances 
are such that it may not be possible to measure them physically. How can 
we determine the actual height of a kite floating steadily but high above ir 
the sky ? If we decide to measure the height of a large tower or the width 
of a big river there are many hurdles that cross our way. 

But it is not so difficult as may appear on the surface to find a solution 
to these problems. | 

Please study the example solved below carefully. The principle which 
ensures solution of the problem below also helps us to answer problems 
posed above. A A tower has base B and top A. C isa 
point on the ground at a distance of 30 m 
from B. A staff 1 m long is made to stand 
vertically at a point E between C and B 
such that its other end D appears to be in 
line with C and A. Distance of E from C is 
1.5m. 
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From this information it is now, possible to find the height of the tower 
without actually measuring it. | 
In right angled triangles A DEC, A ABC 
Z DCE = Z ACB 
. ADCE ~ A ACB 


KAB) _ (BC) 
(DE) CE) 
: (AB) _ 30 
1 1.5 
(AB) = 20m. 


Please note that we have made use of similarity of right angled 
triangles to solve the problem. 
§ 6.2 Trigonometry: Literally the word trigonometry means measure- 
ments of a triangle. The basis on which the structure of this branch of 
mathematics is built is similarity of triangles. Knowledge of trigonometry 
is needed in the study of physics, Geography, astronomy, naval and 
many Other sciences. | | 

Since properties of similar triangles are necessary for proper 
understanding of trigonometry let us revise some important points con- 
cerning similarity of triangles by working out some problems. | 


§ 6.3 In exercises given below some information is provided about the 
sides and angles of two triangles. Congruent angles are shown by iden- 
tical marks. On the basis of the information given fill in the blanks pro- _ 


perly. B c 
(1} A ABC ~ A DEF 
= 72 D 
YF | 7 F 
L A 16 io. 6. 
(2) pP ; ” C Fig. 6.2 
3 io A PQR ~ ALNM 
5 y N = . 
R12 a 
Fig. 6.3 
(3) | 4 
A XYZ ~ ASTR 
aib_ Bg “ 
fey. Aad 
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Fig. 6.5 


(3) 
A ADE ~ A ABC 
x = 15,5 = 5 
Pe. 3.) S23 
B | : C 
| : - Fig. 6.6 
Fig. 6.7 
(AB) _ KPQ, BQ __- . ABO _ QR) 
(AC) — KAC) KPR) AB) = 


§ 6.4 Right angle triangles and similarity: 


If two triangles are similar, ratio of the lengths of any two sides of the 
‘first triangle is equal to the ratio of the lengths of. the corresponding 
sides of the other. This property has extensive use in the study of 
trigonometry. We will now see how certian ratios can be associated with 
every acute angle. While doing this we will keep in mind that for right 
angled triangles, however, it is enough, if one acute angle of the one 
triangle is congruent to an acute angle of the other, to make these 
triangles similar. 


§ 6.5 Acute angle and some ratios: 
In the figure the triangles shown 1.e. 
A OP,Q,, AOP,Q, have a common 
angle at O. Let the common angle be 
denoted by 6. 
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© AOP,Q, ~ A OP;Q, 


KOP,) KOP2) | | 
(0Q) = MOQ) (2) 
I(OP,) I(OP;) 

(P,Q) — MP2Q2) (3) 
OQ)) OQ) 


From the above fact it can be seen easily that, 


A OP,Q, ~ AOP,Q; ~ A OP;Q; ~ A OP.Q, 


(i) 4P.Q) WP,Q:)) = (P:Q3) KP,Qu) 
KOP,) OP) OP;) (OP,) 

(2) “OQ) (0Q) = OQ) KOQ, 
KOP,) (OP) (OP) OP.) 

(3) “P:Q) K(P2Q,) . (P3Q;) (P,Q,) 
(OQ,) 


OQ)) (OQ) OQ,) 
In respective triangles, 

seg P,Q,, seg P,Q,, seg P;Q;... are sides of opposite to @. 
seg OQ,, seg OQ,, seg OQ... are sides adjacent to @. 

seg OP,, seg OP,, seg OP... are hypotenuses. 

From the above discussion it is clear that if a given acute angle is 
associated with any right angled triangle which has this as one of its: 
angles then the values of the following ratios remain invariant i.e. do nol 
change. | 


(1) Length of the opposite side of the angle 
Length of the Hypotenuse 


(2) Length of the adjacent side 
Length of the Hypotenuse 
(3). Length of the opposite side 


Length of the adjacent side - 
These ratios are called trigonometrical ratios. 
§ 6.6 Sine ratio of an acute angle: 


C If an acute Z BAC is included by a 


triangle A ABC in which m Z B = 90°, then 
the ratio eas is called sine ratio of the 


Fig. 6.9 Z BAC. 
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We write sin Z BAC to indicate the sine ratio of Z BAC. It is read as 
sine angle BAC, 
cane pac = eo 
(CA) 


When no cause for confusion arises in place of three letter name we use 
one letter name of the angle. 

sin Z A means the sine ratio of the angle A. Some times we simply 
write sin A in place of sin Z A. 

In this notation the letter A itself implies that ZA is “meant. 
Sometimes in place of the name of the angle its measure is written. sin 6 
means the sine of the angle whose measure is 6°. sine 36 or sin 36 means 
the sine of the angle whose measure is 36° 

We can also consider the sine of Z- ACB in A BCA (see fig. 6.9 ] . 

KAB) (AB) 
sin Z ACB = (AC) or sinC = (AC) 

From the discussion ae given any angle and a right angled triangle 
that includes it, 

length of the opposite side 
length of the hypotenuse 
is known as the sine ratio of the angle. 


§ 6.7 In examples below some right angled triangles are shown, with 
their help, fill in properly the blanks shown. 


() N | (2) y 


Fig. 6.10 
sin Z NLM = 
sin Z LNM = 
(3) t 
S R 
S$ 
sinS = +% 
sin T = = m T 
Fig. 6.12 
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(6) A 
aT: 
AS 
N (4 90 90-8 
Fig. 6.14 Fig. 6.15 B C D 
sin 45 = Sn&= Sind =___ 
Sin (90-“) = __ _ , Sin(90- 8) = 


§ 6.8 Cosine ratio associated with an acute angle: 
If an acute Z BAC is included by the A ABC 


¢ in which m ZB = 90°, then (BA) is called the 
(AC) 
cosine ratio of Z BAC. 
cos Z BAC means the cosine ratio of Z BAC, 
B r cos Z BAC is read as cosine of angle BAC or cos 


of anlge BAC. If one letter name is used for the 
Fig. 6.16 angle in the above figure, cosZ A or simply 
cos A, will mean cos Z BAC. cos 49 or cos 49° means cosine of the 
angle whose measure is 49°. 
We can also consider cosine ratio of 7 ACB in the above A ABC. 
(BC) (BC) 
cos Z ACB = (AC) or cos C = (AC): 
From the iieea sion above it is clear that if an acute angle and right 
angled triangle that includes it, is given, then the ratio, 
length of the adjacent side 
length of the hypotenuse 
is known as Cosine ratio of the given angle. 
§ 6.9 In examples below are shown right angled triangles. Using infor- 
mation given in the figures fill in properly the blanks shown. 


1. M 


L N 
Fig. 6.17 

cos Z NLM = 

cos Z LNM = 


R 
Fig. 6.19 
cos Z PQS = PQ) 
cos Z RQS = ____ sin 6 
cos Z SPQ = cos @ 
cos Z SRQ = 
5. 
A R 
cosx = __ 
sin x = 74 ; 
3 8B Fig. 6.22 
Fig. 6.21] 
(SR) = __, (RT) = 
sin(90 — a) = 
cos(90 -—a@ ) = 
sin 9 = 
cos @ = 
sin(90 — @) 
cos(90 — @) 


Fig. 6.23 


§ 6.10 Tangent ratio associated with an acute angle: 


C If anacute Z BAC is included by a right angled 
A ABC in which m Z B = 90°, then the ratio {BE). 
is known as the tangent ratio of Z BAC. — 


tan Z BAC means tangent ratio of Z BAC. This -« 
B read as tangent or tan angle BAC. If one letter * -itie 


of an angle is used, tan ZA or tan A © 
big. 6.24 tan Z BAC, tan 45 or tan 45° means tange: 


gle whose measure is 48°, 
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(BA) 


Cas 


- yf ane 


~(BO y tana - BO 
tan Z BAC (AB) or tan (AB) 
We can also consider the tangent ratio of Z ACB in A ABC. 
tan Z ACB = MAB) or tanC = ay | 
From the discussion above it is clear that if an acute angle and a right 


angled triangle that includes it, is given, then, 
| length of opposite side 
length of adjacent side 
is known as the tangent ratio of that angle. 


§ 6.11 From information given in adjoining figures fill in properly the 
blanks shown. 


Fig. 6.25 
tan @ = 
tan(90 — @g) = 
3. A | 
5 MAC) = 
tan Z ABC = ___ 
tan Z CAB = ___ 
B 3 _ 4 
Fig. 6.27 


§ 6.12 Relation between sine, cosine and tangent ratios of 
an acute angle: 
From the figure 6.28, 


5 i @ _ 5 
sing = oo COS § 2 tan 9 - 
sing _ 2 _ 5b wie 
COS 9 7 ¢ @ 
ab =—— 
a ‘ 
. Fig. 6.28 
sim @_ — tan @ 
cos @ 


Tangent ratio of an angle is the ratio of its sine and cosine ratios. 
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§ 6.13 Relation between trigonometrical ratios 
of two complimentary angles: 


In the figure 6.29 A LMN is a right angled tri- 


angle. 
m Z™M = 90°, Z Land Z N are complementary 
Fig. 6.29 angles of each other. 


Ifm ZL = @° thenm ZN = (90 - @)° 
sing = 4, cos(90 — 9) = 4 
sin@ = cos (90 — 9) 
Similarly cos @ = = ,sin(90 — 9) = 4 
and -. cos 6 = sin (90 — g) 
tan @ = £ and tan (90 -— 9) = r 
. tan g x tan(90 — 9) = 
tan g x tan(90 — 9) = 


/ _ 
ax7l 
1 


(1) Sine and cosine ratios of an acute angle are respectively equal to 
cosine and sine ratios of the corresponding angle. 


(2) The product of tangent ratios of angles complementary to each other 
is 1. or tangent ratios of complementary angles are reciprocals of 
each other. i.e. 

tan x x tan (90 — x) = 1 


& 6.14 Fundamental formula of Trigonometry: 
From the figure 6.30, C 
sinA = §,cosA = 


andPe=@+c "aa 
a _ # 
- (sin AY = (§ y= 2 j 
(cos A)? = (Sy = = C i 
Fig. 6. 
2 
. (sin A)* + (cos e =f + = 
_ or ce 
b2 
= 
b2 
= | 
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Generally we write sin’A, cos?A.for (sin A)’ and (cos A)? Respectively: 
. siWmA + cosvA = I] (1) 
Sum of squares of sine and cosine ratios of an acute a ‘gle is 1 
from (1) 
sin?A = 1 — cos?A (2) 
co’A = 1 — sintA (3) 


§ 6.15 The three trigonometrical ratios associated with an acule .ng.e 
are related to each other. If the value of one of them is known the value 
of other ratios could be determined. All the trigonometrical ratio are 
positive numbers. For a given acute angle these ratios never take a 
negative value. 


§ 6.16 Solved Examples: 


[ Note - In all ee angles are acute ener | 
(1) If sin A = find the value of cos A 


Method 1 


From the basic formula 
we have 
cos?A = 1 — sinzA 
3,2 
= 1—- (%) 


Method 2 


in the right angled triangle ABC , C 
m ZB = 90° which includes Z A, 
let the opposite side to Z A be 3, 5 
and hypotenuse be S. 3 
By the oe of Pythagoras, 

[(AB) ]2 = 25 — 9 = 16 A B 
. IAB) = 


. cosA = 


jaz ££ 


(2) If cos g = if find the values of sin 9 and tan @ 
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Method 1 
From the fundamental formula. 
sin*g = 1 — cos? g 


_ (12,2 
= | (53) 
—~ 1 _ 14 
= I 16 
ee Vee 
169 
sing =; 
a 
tan@ 3 SUG a = 5 
12 ] 
cos 8. iz 
Method 2 


In a right angled triangle ABC which includes 
C angle g, letm ZB = 90°.mZA = oo, 
(AB) = 12, (AC) = 13. Then by the theorem of 
73 Pythagoras, 
( (BC) ]* = 169 — 144 
= 25 
A 2 8 . (BO =s5 
Fig. 6.32 — . sin @ = * and tang = > 
3. IftanA = 4 find the values of sin A, cos A. 
Method 1 
_ sinA 
cos A 
snA _ 3 


tan A 


— _ 


cos A 4 
7 sin A. -= 3 cos A 
4 


But sintA + cos?A = | 
 (Zcos A)? + costA = I 
9 cos2A + cos2?A = | 


25 cos2A = 1 costa = 16 
25 


16 
oy ee 
S 
Sin A= SOS 4 5 5 


Method 2 A 
In the figure 6.33, 
let m ZB = 90°, (BC) = 3, (AB) = 4 


By Pythagoras theorem, | 4 
(MAC) ]? = 4 + 32 = 16 +9 = 25 
. (AC) = 5 
. sin A = 2andcosA = ¢ C 3 8B 
Fig. 6.33 


(4) Show that sin? 34 + sin? 56 = 1. | 
~ Here 34 + 56 = 90 and so the angles 34°, 56° are complementary 
angles. 
. sin 56 = cos 34 
sin234 + sin256 = sin? 344+ cos?34 
= ] 
(5) In the figure m Z B = 90°, (AB) = 20, 


cos A = . find (AC) 


C 
cos A = MAB) 
(AC) 
But cosA = - and (AB) = 20. 
B 20 A. 20 = 40 
Fig. 6.34 (AC) 41 


» MAC) = a 20.5 


Excercise 6.1 
.sinA = z, find cos A. 
.cos A = 9 , find sin A, tan A. 
.cOS@ = iz, then sin@ = ?;tan@ =? 
. If tan @= 5g then find sin a, cosa 


.If sin g = 2, then find the values of cos 4, tan @. 


DR a & WH NY 


.tanB = a find the values of sin B and cos B. 
V 
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7. If cos x = } then sinx= ?, tanx= ? 
8. If sin A = 20 cos A, then find the values of sin A, cos A, and tan A. 
9.sin A = 3, find sin A + cos A and sin A-cos A . 
10.9sinA — cos A = 0 firid the value of sin A, cos A. 
11. If sing = = find cos@ and tané. 
(12) A In A ABM m <M = 90° 
AB) = 10, sin B = 


Find (BM), cos B ana tan B. 


B Fig. 6.35 
13. A ladder rests against a wall. The upper end is 3 m 
from the ground. Lower end is at a distance of 2 m 
from the wall. Find the sine ratio of the angle made 
by the ladder with the ground. Fig. 6.36 
(14; C In the figure 6.37 
m ZB = 90°, (AB) = 
mZA=8 ,cos@ =¢% 
find (AC), sin g and cos @. 


6 
A Fig. 6:37 B P 
(15) In the figure 6.38 m Z P = 90° 
KQR) = 25, sinx = i B 


Q 
Find (PQ), (PR) and cos x, tan x. Fig. 6.38 


§ 6.17 Trigonometrical ratios of angles of measures 30°, 60°, 45°.: 
In 30-60-90 triangle the side opposite to angle 30° is 
half in length of the hypotenuse. Using this fact we can 


30 determine the trigonometrical ratios of angles 30° and 
2 aa 60°. For it can be shown that in this triangle the side op- 
3 posite to angle of measure 60° is /3times the length of 
Loe the side adjacent to it. From the figure 6.39, 
- a ental stan 30 = T= 
Fig. 6.39 sin 60 = “3 » cos 60 = 5 ,tan 60 = \/3- 


L1& 


If in a right angled triangle one angle has measure 45° the other acute 


angle also has measure 45°, such a triangle is an 
isosceles triangle. Let the sides perpendicular to each 
other be of unit length. The hypotenuse then is of length Vo j 
V2 units, from fig. 6.40 
a 
/ 


sin 45 = 5 cos 45 = ra tan 45 = 1 


Fig. 6.40 


A table of trigonometrical ratios of 30°, 60°, 45° is given below. We 
can use this tabl2 while solving problems. 


Measure of angle 


Trigono- 
metrical- 


§ 6.18 Solved Examples: 


1. Find the value of sin230 + sin245 + sin260. 
_ From the table sin 30 = x sin 45 = Tr sin 60 = 3 


. sin?30 + sin?45 + sint60 ~ 1, 14 3 
4 2 4 
_1+2+4+ 3 
4 
= 6 
4 
a9. 
2 


2. show that | — tan? 30 mae 
1+ tan?30 2 


From table, tan? 30 = (jpy= 7 

. 2 

~y-tan?30 1-7 _ fF _2 _ 
1 +tan230 I+ GF 4 

3. Show that sin 30 . cos 60 + cos 30. sin 60 = I. 


From table sin 30 = } = cos 60, 
sin 60 = 3 cos 30 


; sin 30 . cos 60 + cos 30. sin 60 = + 
+ 


|— 


4. If x tan? 60 + 3 sin? 60 — 3 tan? 30 = 6, find x. 
From table sin? 60 = 3, tan2 60 = 3 and tan230 = ; 


. x tan? 60+ 3 sin? 60 — + tan? 30 = x x34+3 x i- ox 4 


4 
=3x +2 
~ 3. +2 = 6 
3x =4 
x = t 
S.-Show that 1 + tan230_ __1 
cos2 30 
tan 30 = fp and cos 30 = V3 
: 1+ tan230=1+}4= 4 
ge Eyer eee, es 
cos?30 (MBy2 23 
. 1+ tan230 ~ __] 
cos 30 
Also, 1 + tan2@ — 1 + sin?@_ 
cos? @ 
_ cos? @ +sin?9 
| cos? 6 
Z ! 
cos? @ 
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Exercise 6.2 

Find the values of. 
. sin? 30 x cos? 60 
.1 + tan? 30 
. 1 — sin? 30 
. tan? 45 + sin260 

tan 60 
sin 60 + cos 60 

tan 60 
sin 30 — cos 30 
7, 2. sin 30. cos 30 
8. cos? 30 + cos? 45 + cos? 60 
9, 2 tan? 454+ 3 tan230+ 4 tan? 60 
0 
] 


na kwWwn = 


_ sin 30. cos 60 + cos 30. sin 60 + tan 45 


. sin 30 + cos 60 — yan 4S 


13, 5sin? 30+ 7 cos* 60+ 4 _ 
8 tan2 45 + 3 + tan?60 
14, 3 sin? @ = 2 i, from the table find g. 


15. 2x tan260 + 3x sin230= _27 cos? 45, find x 
4 sin? 60 

16. tan? 30 + tan? 45 + tan2 60 

17. cos 45 . cos 60 + sin 45. sin 60 

18. cos 60. cos 30 — sin 60. sin 30 

19. cos 60 . cos 30 + sin 60. sin 30 


90, 4 tan260 + 3 sin260- 2 ( Aue } — 3 tan? 30 
> sin? 30 4 

1 sin 30 + cos 60 x 2 tan 45 
2 cos 60 — sin 30 


22. 3 sin 30 — 4 sin‘ 30 

show that 
23. sin330 + cos? 30 = (sin 30 + cos 30) (1 — sin 30 cos 30) 
24. sin3 30 — cos? 30 = (sin 30 — cos 30) (1 + sin 30 cos 30) 
25. sin* 60— cos*60= I ~— 2 cos 60 
26. tan 60 — _ 2 tan 30 

1 — tan4 30 

27. sin 60 = 2 sin 30. cos 30 


28. 4 tan245 + sin330 — J ] 29. cos 60 = cos?30 — | 


_ 
—_—_— — 


cos60 8 
In QA ABC m ZB = 90° 
100 m Z ACB = 30°, (AB) = 100 
find (AC), (BC) 
90 30° 
B C A 


Fig. 6.41 
31. As shown in the fig. 6.42 
seg AB 1 seg BD. m Z ADB = 30° 
m Z ACB = 60°. If (AB) = 50 find 
(BC), (DC). Fig. 6.42 
32. C 


In triangle ABC, 
m Z ABC = 90°, m Z CAB = x, 
(AB) = SO, tan x = 1.32 


find [(BC) A 
A 50 B 
Fig. 6.43 
33. In the fig. 6.44, m Z ABC = 90°, D 


m Z CAB = 45°, m Z CDB = 60° 
(AD) = 70, find (BC) 
[ Hint: use tan 45 = 1, tan60 ~].73 and the : 


property of 30-60-90 triangle | C Fig. 6.44 B 


§ 6.19 Dependence of the values of trigonometrical ratios on the size of 


the angles: 
C 
1 
8 
A B 
Fip. 6.45 


In a right angled triangle let 

m Z ABC = 90°. (AC) = 1 and 

m Z BAC = 6 , thensin @ = (BC) 
cos @ = MAB) Fig. 6.46 


In fig. 6.46, a circle with centre O and unit radius is shown. 
“. sin Z P);OQ, = AP,Q)); 
sin Z P,OQ, = KP2Q)); 
sin ZP,;0Q, = (P3Q3) 


In the figure the larger acute angle has bigger side opposite to it and a 
smaller acute angle has smaller side opposite to it. So the value of sine 
ratio of an acute angle increases as it increases in measure. 

similarly, 


cos Z P,OQ, = (OQ)) 
cos Z P,0Q, = (OQ;) 
cos Z P;,0Q; = (OQ3) 


In the figure the larger acute angle has smaller side adjacent to it and 
smaller acute has larger side adjacent to it. So the value of the cosine 
ratio of an acute angle decreases as the angle increases in measure. 

Again, 


tan Z P,OY, = AP 1Qy) 


(OQ)) 
tan Z P,0Q, = MP2Q) 
((OQ)) 
tan Z P,0Q, = MP3Q3) 
KOQ3) 


In the figure as the acute angle increases the opposite side of the angle 
increases and the adjacent side decreases. Therefore as an acute angle in- 
creases the value of tangent ratio increases. 

§ 6.20 Heights and distances: 


Let us now see how trigonometrical ratios can be used to find heights 
and distances without being required to measure them physically. 

From the point of view of mathematics a tree standing on ground is 
rougly speaking perpendicular to it. Distance between its base and the 
topmost end is its height. In mathematics it is also assumed that the top 
of tree is viewed from the level of the ground. The eye that views the top 
of the tree and its base are vertices of a right angled triangle. If in this 
right angled triangle one acute angle and the length of one of the sides are 
known then with the help of trigonometrical ratios all other distances 
become known. By now you must have realised this fact trom the ex- 
perience you have gained in solving problems of this type. Betore we 
solve more examples Jet us get aquainted with some technical terms. 
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viewer has to raise his line of vision 

above the horizontal level so that he 

could properly view the given point. 

The angle which a ray joining eye to 

the point makes with the horizontal 

Horizontal level level is known as angle of inclination or 
Fig. 6.47 | angle of elevation. 


/ Ja order to look at a given point a 


Angle of inclination 


When a viewer looks at an object on the ground while standing on a 
high tower or from the top of a tree he 
has to lower his line of vision below the 
horizontal level. The angle made by the 
ray that joins the eye to the object viewed 
makes with the horizontal level is known 
as angle of declination or an angle of 
depression. 

One special point must however be no- Fig. 6.48 
ted in connection with the angle of incli- 
nation and angle of declination. Although we speak of the angle of in- 
clination or declination of an object in reality the angle is made at the 
point where the eye is situated and not at the point at which the object is 
located. The statement that the angle of inclination of an aeroplane is 
60° means that line of vision makes an angle of 60° with the horizontal 
level at the point where the eye is and not at the point where the 
aeroplane is. Let us now study some examples. 

§ 6.21 Solved Examples: 


1. A The angle of inclination of the top of a tree when 
viewed from a point C at a distance of 20 m is 60°. 
What is the height of the tree ? 
In the diagram seg AB represents the tree. A is the top 
and B is the base.d(B,C) = 20m; m Z ABC = 90°, 
m Z BCA = 60°. Let A be the height of the tree. 
From the figure, 


Horizontal level 


Angle of declination 


f tan 60 = = 
V3 = sn | tan 60 = V3 | 
Fig. 6.49 © h = 20Y3 
= 20 x |]. 732 (V3 wl. 732) 
= 34.64 m. 
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2. The angle of declination whieh a man is required to make while view- 
ing at.a stationary bus from the top of a building 30 m_ high is 30°. At | 
what distance from the building is the bus standing ? 


In the figure seg Ab stands for 
the building. The bus is standing A M 
stationary at C. (AB) = 30m, — 30 
m LABC = 90°. A is the top and 
B is the foot of the building. The 39 
line of vision is along the ray AC. 


It makes an argle 30° with the C 
horizontal level. So that 7 ZACB B Xx 
= 30°. Fig. 6.50 


Let x = d(B,C) 


From the figure, 


— 30 
tan 30 a 
j 30 1 
r= = (tan 30 = - ) 
Y = 30VF ue 
= 30 x 1.732 (V3 =~ 1.732) 
= 51.96 m. 


3. At both sides of a road 10 m wide stand two buildings opposite to 
each other. One building is 30 m high. If from the top of this building 
the top of-another is veiwed,the angle of inclination is 37°. What is 
the height of the other building ? Given that tan 37 ~-0.754. 


In the figure seg AC and seg DB represent the two buildings. 
(AC) = 30 m. A is the top of the first building and B is the top of the 
Bg second. C and D are their feet respectively. If a horizontal 
4 ee line is drawn to intersect seg BD in E. m Z BAE = 37°. Let 
EPA (BE) = h, (ED) = 30m and (DC) = 10m. 
From the figure, | 


_ Ah 
tan 37 = To 
. _ oh 
30 -“. 0.754 = 7 
. h = 7.54 m., 
. The height of the other building = 30 + 7.54 
Oy © = 37.54 m_ 
fig. 6.51 


}25 


4. While dashing to the destination point on the ground the pilot of the 
aeroplane declines his aeroplane by 20° and drives straight to the ground. 
The average speed of the plane in 200 km per hour. It takes 54 seconds to 
reach the ground. Before it started its dash how high was the aeroplane? 
sin 20 ~ 0.342 : 

A Inthe diagram seg AB denotes the height h 
70° km of the aeroplane. O is the point of 

ys destination on the ground. In 60 minutes the 

aeroplane travels 200 km. 


0 = Therefore in 24 minutes it will travel 
Fig. 6.52 200 x 54 _ 

60x 69 KM = km 

KAO) = 3 km 
From the figure sin 20 = 4 

. 0.342 = ; 

h =3 x 0.342 
= 1.026 km. 


5. In the figure 6.53, seg AB shows atower with the top A and base B. 
If from points C and D in line with its 


- base the angles of inclination of the top 2 
are respectively 45° and 30° and if 
distance between C and D is 30 m, find the h 
height of the lower. 
From the figure, | : 
let (BC) = h D 30m A B 
tan 30 — h Fig. 6. 53 
h + 30 
ae h 
V3 h + 30 
h + 30 = V3h 
30 = h(V3- 1) 
h — _30 
¥3- 1 
_ 3013+ 1) 
(¥3— 1(V3 + 1) 
_ _ 30(V3+ I) 
2 
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1503+ 1) 
1S x 2.732 (V3= 1.732) 


6. In the adjoining figure 6.54, 
mZP = 30°m ZR = 90°," y 
m ZQ = 60° (QR) = 20. — 
Find (PQ) and (SR) 

Suppose that (SR) = 4; (PQ) = x 


R 20 Q 
Fig. 6.54 

Then from the two right angled triangles in the figure, 
tan 60 — AL tan 30 — ft 

20 | x + 20 
V3 = A : ns + = h 

20 V3 x + 20 

h = 20V3 a. 2003: 


~ x + 20 = 20V3x V3= 60 
~ X = 40 
(PQ) = x = 40m. 
(SR) = Ah = 20V3= 20 x 1.732 
= 34.64 m. 


7. In order to find the width of a river a man on one of its banks 
views the top of a tree just across the river on the other bank. His line 
of vision makes an angle of inclination of 61°. The man again views 
the top by receding SO'metres away from the bank in line with the 
base of the tree and his first position. This time angle of inclination is 
35°. Find the width of the river and the height of the tree. 


A . tan 35 = 0.7; tan 61 = 1.8 


Let seg BC denote the width of the river. 
seg AB the height of the tree, B-C-D and 


A d(B,C) = x, d(C,D) = 50m. 
From the figure, 
tanél = A tan 35 = 
Ba C50) .% .,. ; 
Fig. 6.55 : % = 1.8 and ary, = OT 


. h = 1.8x 

h — 18x _ 0,7 

x + 50 x + SO 

1.8x = 0.7x + 0.7 x SO 


lie = 3520 
llx = 350 
x = _350  ~ 31.82 m 
11 
h = 1.8% 
= 1.8 x 31.82 
= 57.276 m 


Exercise 6.3 


From a certain place on the bank of a river, the angle of elevation of 
the top of a temple which is standing on right opposite bank of the 
river in 30°. If the height of the temple is 20 m. find the breadth of 
the river. 

. A ladder on a fire truck can be extended to maximum length of 20 m 
when elevated to its maximum angle 70°. The base of the ladder is 
mounted on the truck 2 metres above the ground. How high above 
the ground will the ladder. reach ? | sin 70 ~ 0.940 


. A peacock Is sitting onsthe top of a tree. It observes a serpent on the 
ground making angle of depression of 25°. The peacock with the 
speed of 300 m per minnte catches the serpent in 12 sec. what is the 
height of the tree 2 [ sin 25 ~ 0.423 | 


. A forest ranger watches for fire from a lockout tower built on a high 
hill. The height of the tower is 80 m above most of the surrounding 
land and the tower itself is 15 m tall. If the ranger sights a fire at an 
angle of depression of 10° with the horizontal how far is the fire 
from the tower? [tan 10,~ 0.176] 


D 


Due to heavy wind a tree,is broken, The end of the broken part 
touches the ground at a point which is 8 metres from its trunk. If the 
broken part of the tree makes an angle 54° with the ground, find the 
height of the unbroken tree. [ COs 54 AY0.588, tan 54 a] 376 | 


The top of the tower 60 metre high makes the angles of depression 
30° and 60° with the top and the bottom of the coconut tree respec- 
tively. Find the height of the tree and the distance between the bot- 
toms of the tower and the treé. [ V3 1.732 } 


. Pand Qare two points on the opposite banks of a river such that line 


PQ is perpendicular to the banks of the river. When a person from the 
top of a tower 50m high, looks at the points P and Q his line of 
vision makes angles of depression 45° and 30° respectively. If the base 
of the tower and the points P and Q are in one line, find the breadth 
of the river. 


. A flagpost is erected on the top of a building. When a person stan- 


ding at a distance of 15 m. from the building looks at the top and the 
bottom of the flagpost, his line of vision makes angles of elevation of 
60° and 45° respectively. Find the the height of the flagpost. 

Baloon A balloon sent in the atmosphere to 
collect the information about 
weather is steady at a _ certain 
height. As shown in the figure 6.57 
from a point on the ground the 


oe C B angle of elevation is 25°. By mov- 
; ing 1 km. away from this point the 
Fig. 6.57 angle of elevation changes to 18°. 


Find the height of the balloon from the ground. 


[tan 15 F 0.268; tan 25 & 9.466 ] 


10. When seen from the top and the bottom of the tower towards the top 


1. With reference to the figure 6.58 complete the 


(1) sin B = 
(2) tan Z MCB = __ 


of a building, the angle of depression and the angle of elevation are 
27° and 63° respectively. If the height of the building is 20 m, find the 
height of the tower. | tan 27 ay 0.50, tan 63 1.96 ] 


Miscellaneous Excercise - 6 A 


following statements. 
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2. P In the figure 6.59 (PQ) = 10 and 
m ZQ = 65°, seg PD 1seg QR 
10 find (PD). 
[sin 65 © 0.906 | 
If m ZR = 32°, then show that 
Q D R (PR) = 17.1; also find (QD), (DR) and 
Fig. 6.59 (QR). [sin 32 & 0,530 | 


3. In A ABC, (BC) = 16, (AB) = 10 and m ZB = S57°. Find the 
_ length of the perpendicular segment from vertex A on side BC. Also 
find the length of the perpendicular segment from vertex C to side BA. 


lsin 57 0.839 | 
4. In A DEF, (DE) = 8, KEF) = 12 andim Z E = 48°; Find the area 
of ADEF. (sin 48 &0,743) 
5. Fill in the gaps in the following statements with A 
reference to the adjoining fig. 6.60 
(A) (1) sin Z ABD = cos ZB...... D 
(2) sin Z ABD = sin Z.........D 
(3) cos Z DBC = cos Z B....... 


(B) Fill in the gaps in the following statements D 
using One of the symbols =, <, >: 
If m Z ABD > m Z BCD, 
then sin Z DBC .....sin Z BCD B C 
Fig. 6.60 
6. Cc In the figure, in A ABC, (AC) = 10, 
z m ZACB = 90° seg CD 14seg AB 
Find x = se a 
AxDp ¥ B r= I pce in 
Fig. 6.61 (sin70° & .940 »tan70° 2.75) 
7. In APQR, (PQ) = 12, (QR) = 15 and m ZQ = 60. Show that 
IPR) = 13.75 
8. If sinx = a then cos x = ...... Stal XS ass 
9. show that [ 1 oy, 1 | >= Lesee8 
: sin 6 tan @ 1 — cos 6 


10. show that cos? 6 (1 + tan?) = ] 
11. show that 4 { sin4#30 + cos460 | — 3 [cos%45 —-1] = 4 


tan x 
12. show that 7 = 1 


n ‘ 
a sin xX . COS X 


COS X 
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13. 
(14. 
15. 
16. 


17. 
18. 
19, 


20. 
21. 


22. 


pe 


Show that, sin @ . cos(90 + @) + cos 6 sin(90 — @) = 1 
SHow that, cos @ cos(90 — @) — sin 6 sin(90 —- 6) =0 | 
Find the value of 3 sin¢30 + 2 tan260 — 5 cos?45 
Ifm ZA = 60°, m ZB = 30° then verify that 

(1) cos(A — B) = cosA cos B + sinA sinB 

(2) sin(A — B) = sin Acos B — cos A sin B 


If sin A = - then find the value of sin A(1 + sin A) + cos A(I + cos A) 


Find the value of cos 38 + tan 45 — sin SZ. 

5 sin230 + 7 cos*60 + 4 

8 tan 45 + 3 + tan?60 
Show that sin237 + sin253 = 1 
What is the angle of elevation of the sun when a post of height 9 
metres casts a shadow of length 3\4 m. ? 
The angle of elevation of a point A with the top of the hill is 60°. B is 
the point at a distance of 20 m. Vertically above A. If the angle of 
elevation of the point B with the top of the hill is 30°, find the height 
of the hill and the distance of the point A from the bottom of the hill. 
The angle of elevation of a point P with the top of a mountain is 45°. 


Find the value of 


B is a point at a distance of 2 km towards the mountain on a straignt 


road whose inclination with the horizontal is 30°. If the angle of the 
inclination of the point B with the top of the mountain is 60°, find the 
height of the mountain. 


0Daa do 
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Chapter 7 
MENSURATION 


§ 7.1 In your nineth standard you made a study about areas of plane 
figures. This year your interest of study will mainly be about volumes of 
a right circular cylinder and a right circular cone. For this let us revise 
some fundamental notions. 

Area of a closed plane figure is the amount of space (in the plane) 
enclosed by that figure. The space enclosed by a square of unit side is 
taken as a unit for mesuring areas. To find the area enclosed by a plane 
figure, then is to find, the number of such unit squares that will exactly 

cover the space enclosed -by the figure. 

4 You are acquainted with various fomulae for determin- 
ing the areas of various plane figures. You know that when 
the radius of a circle is R units, its area is 

Fig. 7.1 n R?(sq_ units). 

In this chapter, we, now, consider three dimentional figures. Such 
figures Occupy some part of the three dimesional space. The space oc- 
cupied by three dimensional figures is measured in terms of cubic units 
and is called its volume. 

You know what a cube is. 

The volume of a cube of side one unit is taken as a unit 
for measuring volumes. It is the amount of space oc- 
cupied by a cube. To determine the volume of a three 
dimensional figure is to find out the number of unit 
cubes which will exactly fit the portion of space oc- 
cupied by that figure. 


1 
Fig. 7.2 


But the problem of determining 
such a number is not as simple as it 
appears on the face value. To be 
able to answer this question in 
respect to all three dimensional 
figures, mathematics as a science, 
had to attain a certain stage of 
development. The branch of mathe- 
‘matics known as integral calculus 
has its origin in man’s attempt to 
tackle this problem successfully. 


In this chapter we will study°only a specific number of three dimen- 
sional figures. 

As in a cube some three dimensional figures are bounded by planes. 
The edges of such figures are formed by intersection of two planes. The | 
point of intersection of two edges is the vertex of these figures. 


Let us assume that there is a polygonal region in the plane of the 
paper. Assume that this plane region is moved parallel to itself in a direc- 
tion perpendicular to the plane. The three dimensional figure so formed 
is known as a right cylinder. All but two faces of such a right cylinder are 
rectangles This right cylinder stands between two parallel planes. 

The length of any edge of this right cylinder is known 
as the height of the cylinder. The polygonal region in the <i> 
two parallel planes are respectively known as lower and 
upper base of the right cylinder. These right cylinders 
are named after the names of the polygonal figures. In 
figures shown below are right triangular cylinder or hf 
prism, right pentagonal cylinder, right hexagonal : 
cylinder and a rectangular parallelepiped. Fig. 7.4 


7-6 


Right Right hexagonal 


pentagonal Cylinder Parallele- 
Cylinder piped 


The plane faces of right cylinders fall into two classes, base faces and 
vertical faces. Since vertical faces are rectangular, their areas can be 
found out easily. The areas of base faces together with the area of ver- 
tical faces is the total surface area of the right cylinder. The right cylinder 
has the same number of vertical faces as the number of sides of the | 
polygonal bases. By adding 2 to this number we know the number of 
plane faces bounding the given right cylinder. Triangular right cylinder 
or a prism has five faces. Pentagonal right cylinder has seven faces and 
hexagonal right’cylinder has eight faces. 
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If the total number of faces is denoted by F, the number of edges is 
denoted by E and the number of vertices is denoted by V, then by Euler’s 
formula 

F+V=E+2 | 
This formula you have studied in your VIII standard. 
With the help of this formula fill up the following table. 


Number 


Name of the figur 
Berl of faces | of vertices| of edges 


Triangular right 
cylinder 
Hexagonal right 
cylinder 
Decagonal right 
cylinder 
Octagonal right 
cylinder 


8 = 
= 15 
16 i 
18} 27 
a) 


§ 7.2 Volume of a right cylinder: 


A right rectangular cylinder or a rectangular parallelepiped has two 
rectangular bases. Let the length of the rectangle be L and breadth be B 
and the height of the right cylinder or rectangular parallelepiped be H. 
Therefore the area of ‘each base is A = L x B 
The volume of the rectangular cylinder will be = L x B x H 

. Volume of a rectangular cylinder = L x B x H 
=AxH 


The formula: Area of the base x height, for the volume of a right rec- 
tangular cylinder can be applied to any right cylinder. Let us denote the 
height of a right cylinder by H and area of its base by A. Then, 


Volume of a right cylinder = A xX H 
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Exercise 7.1 


1. Volume of a right cylinder is 500 cu cm and its height is 10 cm, Find 
the area of its base. | 

2. Ahallis of 20m in length and 15 m in breadth. If the volume of the 

* hall is 3000 cu _m, find its height. 

3. The height of a rectangular cylinder is 10 cm and its area of surface 
other than base faces (area of the vertical faces) is 52 sq cm find the 
perimeter of its base. 

4. The perpendicular sides of the base of a right triangular prism are 6 
cm and 8 cm. If the height of the triangular prism is 25 cm, find its 
volume. 

5. The volume of a right cylinder is 160 cu cm and its height is 4 cm. 
The base of the right cylinder is a trapezium, one of whose parallel 
sides is 6 cm and perpendicular distance between the parallel sides is 5 
cm. Find the length of the other parallel side of the trapezium. 

6. The length of a side of a regular hexagonal! pillar is 2 m and the height 
of the pillar is 15 m. Find its volume. 

7. The perimeter of a regular hexagonal right cylinder is 60 cm and its 
height is 20 cm. Find its volume and the area of the vertical faces. 


§ 7.3 Right circular cylinder: 


Ce In fig. 7.9, the bases of a right cylinder are circular 
regions. Let us assume, there is a circular region in the 
plane of the paper. Assume that this plane 1s moved parallel 
to itself in a direction perpendicular to the plane of the 
paper. The figure so formed is known as a right circular | 
cylinder. This three dimensional figure stands between’ 
these two planes. The distance between the two planes is 
known as the height of the right circular cylinder. If froma 
point of a circle of the upper base a perpendicular segment 
is drawn to the lower base, it lies entirely on the curved sur- 
face of the right circular cylinder. 

Fig. 7.9 


The length of this segment which is also the distance between the two 
parallel planes between which, the cylinder stands, is the height of the 
right circular cylinder. | 
The formula, Area of base x Height is also applicable to the right cir- 
cular cylinder. Let us denote the height by H and area of its base by A 
Then the volume of the right circular cylinder = A x H 
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Lf radius of the base of a right circular cylinder be R, then the area of 
its base is n R2 
. Volume of the height circular cylinder = n R2H 


le 7 A right circular cylinder has two plane’ 
27 R bases and a vertical face which is not 


ae plane but curved. We shall call this as 
the curved surface of the right circular 
cylinder. If the radius of the circular 
base is R then the length of its cir- 
cumference is 2 n R. If you cut the sur- 
face vertically along its height and ~ 
spread over the surface in a plane, you 


will get a rectangular region. The length 
Fig. 7.10 of this rectangle is 2 R and its breath 
| is H. 


If this rectangular region again covers the curved surface of the 
cylinder, it will do so completely. 
. Curved surface area of a right circular cylinder = 2n Rx H 
Area of two bases of the right circular cylinder = 2 x n R2 
. The total surface area of the right circular cylinder 
= 2nR* +27 RH 
= 2n R(R + H) 
Let us denote re volume of the circular cylinder by V, the area of 
curved surface by S, and its total surface area by S, 
ve "RH (1) 
S, = 217RH ...(2) 
S; = 22 R(R + B)...(3) 
Each formula contains three variables. 
If values of any two variables are known the corresponding value of the 
third variable can be determined. For example in the formula (3), if S, 


and R are known H can be found out. Similarly in the first formula if V 
and H are given R can be determined. 


§ 7.4 Solved Examples 


1. The radius of the base of a right circular cylinder is 14 cm and its 
height is 20 cm. Find the area of its curved surface and also the total 
surface area. 


136 


Solution 


Sc = Area of the curved surface of the right circular cylinder | 
2nRH 


=2x 2 x 14 x 20sq cm 


1760 sq cm 

S, = Total surface area of the right circular cylinder 
2n R(R + H) 

=2x 2x 14 (14 + 20) 


= 2992 sq cm 
2. 70 right circular cylindrical boxes are to be prepared from tin sheets. 
The radius of the base of each box is 15 cm and the height is to be 
30 cm. How-many square metres of tin sheets are required ? 
Solution: To prepare a right circular cylindrical box closed at both 
ends, the tin sheets required are equal in area to the total surface area. 
S,= 2 2 R(R + H) 
=2x % x 15 (15 + 30) 
22 x 30 x 45 
7 é 
For a box 22_X 30 X45 sq cm of tin sheets are required. 
7 


. To prepare 70 boxes 


70_x_ 22 x 30 x 45 sq cm of tin sheets are required. 
= 3 


i.e. 70 x 22 x 30 X 45 sq m of tin sheets are required. 
7 xX 10000 


i.e. 29.70 sq m_ of tin sheets. 


3. The diameter of a road roller is 1 metre and its length is 1.4 m. In 100 
revolutions how much land will be pressed ? And how many revolu- 
tions are required to press 11000 sq m of land once ?' 

Solution: 

Here, we shall have to find the surface area of the road roller. 
Again, here R = 0.5 mandH = 1.4m. 

. Se = 2nRH 


=2x #x 0.5 x 1.4 
= 2.2sqm 
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-. In 100 revolutions of road roller, 100 x 2.2 sq mi.e. 220 sq m 
land will be pressed. 
Again to press 2.2 sq m_ land the road roller is required to 
make one revolution. 
. To press 11000 sq m of land 43090 


i.e. S000 revolutions are required. 

The outer and inner radii of a right circular cylinder type tank are 
respectively 1.2 m and 1 m; The height of the tank is 2 m. It is closed 
from one side. Find the expenditure required to paint the inner and 
outer surfaces of the tank at the rate of Rs.‘7/- per sqm (The rim 
not to be considered.) 

The inner surface area of the tank . 

= Inner curved surface area of the tank + Area of the base 


2nRH + an R?2 
n R (2H + R) 


2x 1(4 + I)sqm 


{HereR = 1m,H = 2m] E 
=~ 0 qm...) | 
7 
Fig. 7.11 


The outer surface area of the tank 
= The outer curved surface area + Area of the base. 


=2nRH+ n R¢ [HereR = 1.2m,H = 2m] 
= n RH + R) 


= <2 x 1.2(4 + 1.2) 

= 7 x 1.2 « 5.2 

— 137.28 sqm ___...(2) 
7 


The total surface area to be painted 


— 137.28 + 110 sq m (from (1) and (2)) 
7 is 
_ 247.28 


. The total expenditure to paint the surface area of the tank 
= 7x 247.28 _ 947.28 Rs. 
5 
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Exercise 7.2 


. If radius R, the height H of a right circular cylinder are given, find 


the curved surface area (S,) and total surface area (S,) of the 
cylinder, [ 1 = 22 ] 
(2)R = 14cm. and H = 5cm. 
= 21cm. andH = 15cm. 
(c)R = 56cm, and H = 2m. 
(d) R = 8.4dm. and H = 2.5m. 
(e) R = 1.4m. and H = 2.8 m. 


The circumference of the base of a right circular cylinder is 26.4 cm 
and its height is 15 cm. Find its total surface area. 

The height of a right circular cylinder is equal to the circumference 
of the base whose radius is 2.1 cm. Find its curved surface area and 
its total surface area. 


. The length and the breadth of a ectaeular tin nee are 3.85m and 


2m _ respectively. From this tin sheet circular pipes are prepared of 
length 50 cm and radius of their cross-section being 35 cm. How 
many pieces of pipe can be prepared ? 


. A building has 8 right circular cylindrical pillars whose cross- 


sectional radius is 1 m and whose height is 4.2 m. Find the expen- 
diture to paint these pillars at the rate of Rs. 2 per square meter. 
The breadth of a rectangular tin sheet is 1.65 m. and its length is 5m. . 
A pipe is prepared from this tin sheet. The radius of whose circular 
cross section is 35 mm. Find its length in metres. 


. The outer and. inner diameters of a circular pipe of length 10.5 m 


- are 1.2 m and Im respectively. Find the expenditure to paint both 


10. 


11. 


the inner and outer surfaces of the pipe at the rate of Rs 1.00 per 
square meter. 


. The area of the curved surface of a right circular singers is 770 sq cm 


If the radius of its base is 1 cm, find its height. 


. A right circular cylindrical vessel of 0.2 m. radius and 0.70 m. in 


height is to be nickel plated. What is the total cost of plating 
@ Rs. 7.00 persqm ? 

A thermal chimney of circular cross-section has outer and inner 
radii 3 m and 2 m respectively. Its height is 56 m. Find the expen- 
diture for cement finishing @ Rs. 20.00 per square meter. 

A road roller is of diameter 1.75 m and of length 1 m. How much 
ground can be pressed by it in its 200 revolutions ? 
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12. 


13. 


14. 


15. 


The length and the breadth of a rectangular play ground are 110 m 
and 60 m_ respectivley. The diameter of a road roller is 1 m and its 
length is 1.75 m. If the whole playground is to be pressed once how 
miany revolutions will this road roller make ? 

The length and the breadth of a rectangualar tin sheet are 4.40 m 
and 1.16 m_ respectively. In preparing closed right circular cylin 
drical tin sheet box,88 sq cm tin sheet is wasted. If the radius of th 
base is to be 7 cm and its height is-to be 20 cm, how many boxes c 
be made from this tin sheet ? 

The total surface area of a right circular cylinder is 158.84 sq m [f 
its diameter is 3.5 m, find its height. 

Find the total surface area of a right circular cylindrical pillar wh Be 
height is 3 m and whose circumference is 132 cm. 


§ 7.5 Solved Problems: 


1. The circumference of a right circular cylinder is 4.4c: 1 and its height 
is 10 cm. Find its volume. 


Solution: 


Circumference = 2 7 R 


2x 2xR = 44 


” R = 0.7 cm. 
Here R = 0.7 cm and H = 10cm. Volume V of right circular 


cylinder is given by y = n R2H 


2 x 0.7 x 0.7 x 10 
= 15.4 cucm. 


2. The outer and inner diameters of a circular cross-section of a pipe are 
8cm and6cm respectively. Its length is 70cm. By melting the pipe a 


right circular cylindrical rod of 1 ¢ém thickness ts prepared. Find its 


length. 
lp ts TOCMSS a Sp 
Solution: 


_To find the volume of the circular pipe we must find the 


volume of the right circular cylinder of outer radius and deduct the 
volume of the right circular cylinder of inner radius. 
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(1) V, = 2 R?H 


= 2x 4x 4x 70 [Here outer radius 


8 
2 
(2) V5 = 2? x 3x3x 70 { Here inner radius = § = 
. Volume of the pipe = V, — V> 
= 22 x 160 — 22 x 90 
= 1540 cu cm 
We have to prepare a right circular cylindrical rod whose radius is 0.5 
cm and whose volume is 1540 cu cm 
Volume of the rod = Volume of the pipe 
n R2H = 1540 
» 2x 0.5 x 0.5 x H = 1540 
» H= 1540x $x2x# 
= 1960 cm. 
. H = 19.60 m. 


. From the material of a right circular cylindrical,copper rod of 7 cm 
cross-sectional diameter and 2 m in length, a 2 mm thick wire is 
made. What is its length ? 
Solution: 

Let the length of the wire be / cm. 

Volume of the wire = Volume of the copper rod. 


7) I = Legged: 

Bx xg X AHP XTX FX 200 
h- = 245000 cm 
h = 2450m 


. From a tap whose inner radius is 3.5 cm water flows at the rate of 10 
m_ per second. If this tap is opened in a right circular cylindric tank 
whose diameter is 2 m and whose penis is 4.9 m, find the time re- 
quired to fill this tank. 
Solution: 
Volume of the tank = n R*H 
=¥%x1x1x? 


10 
= 15.4cum 
The volume of water ee Out in one second from the tap 
mee? 35 25,255 
= X00 X eo x 10 [Here R = 3.5cm = 7m | 
_— _385_ 
= Tooo9 Cu mM 
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. Time requ rec — volume of tank 
to fill the .aix volume of water flowing in one second. 


154 
= 10 
385° 
10000 
= 400 sec. 
6 minutes, 40 seconds. 
5. Volur2 of a right circular cylinder is 1540 cu cm and area Of its 
curved surface is 440 sq cm. Find its radius and height. 
V=nR*H = 1540 and S. = 2 n RH = 440 


~ Vv n R2H _ 1540 
S. 2nRH 440 
~Roi 
2 2 
’~ R = 7cm. 
S. = 2 1 RH = 440 
“2x 2x7xH = 440 
H = 440 x —L_ 
H = 10cm.2*~" 


6. Volume of a right circular cylinder is half of its total surface area. If 
the radius of its base is 3.5 cm, find its height, volume and curved 
surface area. 


Solution: | 
V = n R2Hand S, = 2 n R(R + H) 
V 1 _ n R2H 


S 2 2nR(R+H) 


2x 2x(3.5+H) ? 
3.5H a 
2(3.5 + H) 2 
 § 35H =3.5 +H 
= Doo ee 3.5 
_3.5_7 
Ei Sag) go 
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V = nR2H 
= 2 y (3.52 x + 


5 
= 53.90 cu cm 
S.=2t RH 
_ 22 7 
= 2x 7 x 3.5 x 5 
= 30.8 sq. cm. 


Exercise 7.3 


1. The right circular cylinder has radius of its base as R, its height is H 
and its vclume is V. Fill in the gaps in the table using the given infor- 
mation. 


2. The weight of a right circular cylindrical metal piece is 297 gm. If 
the radius of its base is 1 cm and its length is 7 cm; find the density 
of the metal. 

3. There are two vessels. One is of square base of sade 8 cm and of — 
height 13 cm. Another vessel is a right circular cylinder whose radius 
of base is 3.5 cm and whose height is 13 cm. Which vessel will con- 
tain more water? __ : 

4. How many litres of petrol will be contained in a right circular cylin- 
drical tank area of whose base is 9.625 sq.m. and whose height is 
4m ? 

5. Area of the curved surface of a right circular cylinder is 3168 sq cm 
and its height is 21 cm Find its volume. 

6. The total surface area of a right circular cylinder is 341 sq cm and 
radius of its base is 3.5 cm. Find its volume. 


143 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


The circumference of a right circular cylinder is 88 cm and its 
height is 15 cm Find its volume. 

The expenditure incurred to paint a right circular cylindrical 
woc«len pillar at the rate of 1 paisa per sq cm is Rs. 220.00. The 
radius of its base is 35 cm. The cost of the wood is Rs 2560/- per 
cubic meter. What is the cost of the pillar ? 

A water tap is 10 m. long. Its outer and inner diameters are 2 cm and 
1.6 cm respectively. Find its volume. 

Water flows at the rate of 7 m_ per second through a water tap 
whose cross sectional radius is 2 cm. This tap is opened in a right cir- 
cular cylindrical tank whose height is 3.5 m and whose cir- 
cumference is 6.16 m. Find the time required to fill up the tank. 
The outer and inner circumferences of a tap are 6.6 cm and 4.4 cm 
respectively. If the volume of the tap is 1925 cu cm. Find its length. 
A piece of a metal in the form of a right rectangular cylinder of 
dimensions 55cm x 40cm x 28cm is converted into a right cir- 
cular cylinder whose base diameter is 5.6 cm. Find its height. 

To store grain there is an earthen right circular cylindrical tank. Its 
radius is 1.5 m and its height is 2.8 m. If 0.45 cu m_ grain can be 
stored in a gunny bag, find how many bags of grain can be stored in 
the tank. | a ss 

A right cylindrical vessel is filled with milk. The height of the vessel 
is 50 cm and the radius of the circular cross-section is 21 cm. By 
means of a right circular cylindrical pot whose diameter is 7 cm and 
whose height is 10 cm, the milk from the vessel is to be distributed to 
students. How many students can be supplied with milk, if each stu- 
dent is to get a pot of milk ? | 

A right circular cylindrical piece of metal, whose base diameter is 
24 cm and whose height is 31.4 cm. is melted and pieces of right cir- 
cular cylinder whose diameter is 4cm and whose height is 7.85 cm 
are made. How many such pieces can he made ? 

Through a pipe of diameter 110 mm _ water flows at the rate of 2 m 
per second. To wet one hector land 3593.7 cu m_ of water is re- 
quired. What time is required to wet one hector of land ? 


Volume of a right circular cylinder is half of its total surface area. If 
the radius of its base is 7 cm find its volume and the curved surface 
area. 

Volume of a right circular cylinder is 550 cu cm. and area of whase 
curved surface is 220 sq cm. What are its radius and. height ? 
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§ 7.6 In a right angle triangle ABC, the sides AB and BC are perpen- 
dicular to each other and side AC is the A 

hypotenuse. Suppose there is a play-card of this 

figure. Keeping side AB fixed that is assuming it 

as an axis if the figure is revolved completely 

once about side AB then the three dimentional 

figure so formed is a right circular cone. You are 

already acquainted with this three dimentional 


figure. Fig. 743 


By revolving the side BC about side AB we get a 
circular plane surface. Therefore the base of this 
three dimentional figure is a circular region. The fix- 
ed side AB is called the height of this right circular. 
cone. The length of hypotenuse is known as the slant 
heigh of this right circular cone. 

Let the slant height be denoted by L, the height*by 
H and the radius of base by R. Since the slant height 
is the length of the hypotenuse, we have 

L2 = R2 + H? 
Surface area of a right circular cone: 


Fig. 7.14 


The right circular cone has two surfaces. One is a circular base and 
other is a curved surface. We can find the area of the curved surface of 
the right circular cone but here we shall use its formula without giving its 
proof, Let us denote the curved area of the right circular cone by S, and 
its total surface area by S;. 

The total curved surface area of the right circular cone 
= 4 x length of the cicumference x its slant height 


\l 


yX2URXL 


= nRL ..(1) 

The area of the total surface of this right circular cone 
= nR2+nR L 
= nR(R + L) (2) 


Volume of a right circular cone: 

Volume of a right circular cone is related to the volume of the right cir- 
cular cylinder having equal base and equal height. The volume of the 
cone is one third of the cylinder. If R is the radius of the circular base of 
the cone, H is its height and V is its volume, we have. | 


V=47R7H © ...(3) 
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§ 7.7 Solved examples: 


1. The base of a right circular cone has its radius 3 cm and the height 
of the cone is 4 cm. Find its curved surface area, its corm surface 


area,and its volume. | ™ = 3.14 | 


Solution: 
R = 3cm H = 4cm (given) 
L2 = R2 + H2 
= 32 + 4? 
LE = bs = $cm 
S. = t@RL 
=3.14x 3x 5 
. Se = 47.10 sq cm .. (1) 


"S, = «R(R +L) 
= 3.14 x 3(3 + S) 


= 3.14 x 24 
S, = 75.36 sq cm . (il) 
lon R2H 
=ix314x3x3x4 
. V = 37.68 cu cm . (111) 


2. The circumference of the base Of a right circular cone is 22cm and 
its height is equal to the diameter of its base. Find its volume and its 


total surface area. 


Solution: 
. Circumference of the base = 2n R 
2 = = nR 
ie. 2x 4% xXR= 22 
R = i. 


-- Diameter of the base = 2R = 2 x 5 = 77cm 


. The height of the cone = 7 cm 
. L? = R2 + H2 
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~ 7x3 
& 89.83 cucm 


S = am R(R+1L) 
DD ex LT 
= 22 x > (3 + 7.8) 
11 x 11.3 sq cm 
124.3 sg cm 


5, 


3. The total surface area of a right circular cone is 71.28 sqcm If the 
diameter of the base is $5.6 cm, find its volume. 


The radius of the base of the cone = 2,6 = 2.8 cm 


Ss, = a R(R + L) 
. 71,28 = 4 x 2.8(2.8 + L) 
ie. 2 x 2.8 (2.8 + L) = 71.28 
» 8.8 (2.8 + L) = 71.28 | 
ons  PARZB os 
28+ L = 45 = 8.1 


H2= L2 — R2 | From L2 = R2 + H?1 
= (5.3)? — (2.8)? 
= 28.09 — 7.84 
= 20.25 
“~ H = 80.25 = 4.5 cm 
V =," R*H 
=4tx 2x 28 x 2.8 x 4.5 
36.96 cucm 
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4. Accircus tent whose lower part is right circular cylinder type and up- 
per part is right circular cone type. The diameter of the base of the 
tent is 56 m and the height of the right circular cylinder is 15 m. The 
total height of the tent is 60 m.. How many sq m of canvas is re- 
quired for the tent. Find the volume of the air-space. 


Solution: 
Total height of the tent is 60 m and the height of the cylindrical part 
is 15 m. Therefore the height of the conical part is 45 m. 
L2 = R2 + H2 [HereR = 28, H = 45 | 

= (28)? + (45) 

= 784 + 2025 

= 2809 

. L = 53m. 


The area of canvas required for the tent 1S m. 
=2nRH+nRL een mel 
n R(2H + L) 


= 2 x 28 (2 x 15 + 53) Fig. 7.15 


= 88 x 83 
= 7304 sqcm 


V = nRH+ 40 RA, 

{ ‘h’ is the height of the conical part | 
n R2(H + 7h) 
= 2x 8 x B15 + 3 x 45) 


= 22 x 4x 28 x 30 
= 73820 cucm 


Exercise 7.4 


S. = Curved surface 

S, = Total surface. 

V = Volume. 

R = Radius of the base. 
H = Height. 

L = Slant height. 


Note: If the value of rn is not given then 


substitute 2 wv 2 


Fig. 7.16 
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10. 


11. 


From information given below -n the table find by calculations — 


' other values which are asked. 


2310cu cm 
616 cu cm 


Weight of a solid right circular metal cone is 4620 gm. The density 
of the metal is 7.5 gm per cu cm. If the height of the right circular 
cone is 12 cm, find the radius of its base. 

The density of wood is 0.8 gm per cu cm. The weight of a wooden 
right circular cone is 123.2 gm_and its height is 3 cm. Find its curv- 
ed surface area and the radius of its base. 

The curved surface of a right circular cone is 880 sq dm. Its slant 
height is 20 dm. Find its volume. 

The ratio of the radii of two right circular cones of the same height 
is 1:2. Find the ratio of their volumes. 

The total surface area of a right circular cone is 770 sq cm and its 
slant height is four times the radius of its base. Find the diameter of 
the base. 

The curved surface area of a right circular cone is 2200 sq cm. The 
circumference of its base is 88 cm. Find its volume. 

The height of a right circular cone is 24 cm and the area of its base 
is 154 sq cm. Find the area of its curved surface, its total surface 
area and its volume. 

A right circular conical tent whose base diameter is 4.8 m and whose 
height is 3.2 m is to be made of cloth. How many square meter of 
cloth is required for the tent ? 

176 persons can be accomodated in a right conical tent with circular 
base. If space available for each person is 1.26 sq.m and if the 
height of the central pillar of the tent is 6 m, how many cubic meter 
of air is available for each person ? 

The height of a right circular cylinder is equal to the diameter of its 
base. Find its volume. 
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14. 


15. 


A vessel has a right circular cylindrical shape. The radius of the base 
is 25 cm; and the height of the vessel is 40 cm. It is completely filled 
with milk. The milk is to be distributed to students by means of a 
right circular conical flask radius of whose base is § cm and whose 
height is 8 cm. How many students can be supplied with milk if each 
student is supplied one flask of milk ? 

The lower part of a toy is a right circular cylinder and its upper part 
is right circular cone. The total height of the toy is § cm and that of 
the cylindrical part is 5 cm. Find the area of curved surface of the 
toy and also its volume,if its radius is 4 cm. 

The lower part of a circus tent is a right circular cylinder and its up- 
per part is a right circular cone. The radius of its base is 70 m. If the 
total height of the tent is 15 m. and that of cylindrical part is 3 m 
find the area of the canvas required for the tent. 

A wooden right circular cone has a base of radius » cm, and has 
height 4.cm. The upper part of the cone is cut in such «. way that the 


conical piece will have height equal-to 2 cm and have base of radius 


1.5 cm, Find the volume of the remaining portion. 


Miscellaneous Exercise - 7 


The length, breadth and height of a right rectangular cylinder of a 
certain metal are 44 cm , 21 cm. and 12 cm respectively. By melting 
it, a right circular cone of the height 24 cm is formed. What is the 
radius of its base ? 

The diameter of a right circular cylinder type bucket is 21 cm and 
its height is 40 cm. The bucket is full of sand. If the sand is poured 
on the ground it forms a right circular cone of height 15 cm. Find 
the area of the ground on which sand cone stands. 

Find the ratio of the volumes of right circular cylinder and right cir- 
cular cone whose base areas and heights are the same respectively. 
The radiys of the base. of a metallic right circular cylinder is 15 cm 
and its height is 7 cm. The right circular cones,the diameter of whose 
base is 3 cm and whose height is 1.4 cm are prepared by using the 
total metal. How many such righ circular cones can be prepared ? 
An ice-cream pot has a right circular cylindrical shape. The radius 
of its base is 12cm and its height is 7 cm. This pot is completely fill- 
ed with ice-cream; the entire ice-cream is sold in the form of right 
circular ice-cream cones, diameter of whose circular open portion is 


_4cm and whose height is 3.5 cm. How many ice-cream cones were 


sold ? 
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10. 


Right circular cylinder and right circular cone have the same base of 
100 sq cm area. The right circular cone is placed on the right cir- 
cular cylinder, The height of the right circular cylinder is 3 cm. and 
total volume of the three dimensional figure is S00 cu cm Find its 
total height. 

A piece of paper whose dimensions are 44cm and 10cm can cover 
completely the curved surface of a right circular cylinder, diameter 
of whose base is 10 cm. Find its volume. 

From the material of a right circular cone whose base has dia . 2r 
56cm and whose height is 15cm a2mm thick wire is made. W .at 
is its length ? 

There is a right circular cylindrical vessel, the diameter of whose 
base is 40 cm and whose height is 70 cm. 3 th part of the vessel con- 


tains water. A right circular conical solid of the same base and the 
same height 1s dropped in the vessel. How much water will flow out 
from the vessel ? 

If the radius of the base of a right circular cylinder is increased by 
50%, then how much percentage increase will be there in its 
volume ? 


Oood 
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ANSWERS 


Chapter’ 


Miscellaneous wae - 1 


(1) 10VFQ) 8VF@) 4VF 4) av (5) Height = 2°, Area = V3? (6) 40 (7) 18 

(8) (AB) = 17.66. Area = 54.15 (10) d = 2, ~ PQR) = 128 (13) 5. (11, 60, 61), 
6. (13, 84, 85), 7. (15, 112, 113) (15) yf0 (16) (PQ) = 13, (RT) = 4.62 (17) 12 (18) 5 
(19) 504 (21) 180 (22) 3.5 (23) 14 (24) 96 (25) 192 


Chapter 2 


Exercise: 2.1 


(1) (a) False. Coplanar points. (b) False. on the. (c) False. infinte. 
(3) Hint: (PQ) < PR) < r (7) Hint: Perpendicular bisector of seg AB intersects L 
at P 
Exercise: 2.2 
(1) 8 (2) 6V3 (3) 45 (4) 2vV3 (Si) 10/3 (ii) 5 (6) 3 (7) SV2 (10) 6 (17) 2.5 


Exercise: 2.3 


(3) (@) False. perpendicular to radius at its outer end. (5) True (c) True. 


(5) (i) 10 + 10V3 (ii) 25V3° 
(10) Hint: show distance from the centre to the line AB is less than the radius. 
Exercise: 2.4 
(1) (i) zero (ii) One (iii) two (2) (i) one (ii) one (ill) two (iv) zero 
6) i) 2 iy BY (a0y 30 (13) 50 (a5) 9 each (16) 2, 3, 4 (18) 22 
Miscellaneous Exercise - 2 
(V3, 2V3 (2) 5 (4) 15 (1) 25V3 


Chapter 3 
Exercise: 3.2 


(1) (i) 100°, 40°, 40° (ii) 100, (iii) 260 (2) (i) 80, (ii) 140, (iii) 220 

(5S) (i) 50; (ii) 50, (6)(i) 200, (ii) 160, (iii) 100 (iv) Arc ASD 

(7) (i) 200 (ii) 80, (8) m ZA = m ZC= 90°; m ZB =72°:m ZD = 108° 
(10) (i) 60, (ii) 150, (iii) 60 (11)(i) 142 (ii) 218 (iii) 19 

(12) 105, (13) 80, (14) 50, 50 


152 


Exercise: 3.3 


() (1) 7, 22, F, On 2,5, 4,14 wo7, 1.4, 44, 


2) ase, Bn a m, 25m, (3) 120, 18.48 
(4) 20 m, 300 (5) 0, Bi , (6) 5, 72 (3) 12 7, 48 1 


(4) 50 7,25 7, (5) 24 n — 363 i.e. 13.008] (6) 5.76 (7) 28 m. 

(8) 54.2 sq.cm. (9) Rs. 11088 (10) 0.1386sq.km.(11) 378 sq.cm. (12) 10m. 
(13) 105 m, (14) Ee 3 (15) 0.7854 (16) 17 m. anv3 - 5 
(19) 0.3 (20) 35.64 Km/hr : 


Miscellaneous Exercise - 3 


(14) 57.27(15) 6.928 (16) 3 (17) 8.049 (18) 10\3, 102, 10 


Chapter § 
Exercise: 5.1 


(1) (PQ) = 7, (QR) = 8, m Z P = 70°, m Z Q = 60°, 
m ZR = 50°, (LM) = 6, (MN) = 8, m ZM = 90° 
(2) mZA = (90 —- x), m ZC= x°,m ZP = (90 — x), 
(MN) = 6, (PN) = 8, (BC) = 3 
(3) KQR) = 8,m ZQ = 25°,m ZB = 120°, m ZC = 35° 
(4) MAC) = 18, (DE) = 4 


Exercise: 5.2 


3 oe zi 
3 2 1 2 
(3) AAQB, A APB, AARB,3,4,4,1. @2 (29,141,145 


(8) 3:1 (9) HAND, KCN) = 5 (10) > 
Exercise: 5.3 

(1) 8 (2) 15 (3) p = 32 G) yes. (6) 9 
Exercise: 5.4 | 

(1) 12, 5 Oe (3) 80, 120, 160, (5) 12 
Exercise: 5.5 

(11) “OM) = 2 

Exercise: 5.6 


(1) 45, 6S, 12 (2) 4 (3) 144 


Exercise: 5.7 

(1) Yes, Yes, No 

Exercise: 5.8 

(1) @) 12, Gi) 4, Gii) 10, Gv) 3 

(2) 12, 291 (4) m = 4 
Miscellaneous Exercise - 5 

(1) (i) F Gi) F (iii) T (iv) F (v) T (vi) F (3)(i) to (iv) 3 (v) 3 


(4) 14, (S) 6, (©) # (11) x , (12) 15, (13) 45 sq. units. 
(14) 25, 35, 40 (15) (a) (ED) = 5, (CE) = 14, (EB) = 6 (b) 8, 12, 5 (c) 12,2, 5 


Chapter 6 
Exercise: 6.1 
a 3, o?22 @ FA © 132 
© 35 o LF mt VY @w 2 Uw 
oy 218 ay 2.2 an HLS ay ssve¥. a 
(3) Ty a4) 15,3,2 qs) 15, 20,4, 3 
Exercise: 6.2 
a) 3 ga * @ 3 () 413 
ne OF @ wey () 3 
(9) 15 (10) 2 qu) 5 (12) 5 
(13) 5 (14) 60° as) % (16) 44 
(17) Lal (18) 0 19) nel (0) - 33 
(21) 4 (22) 1 (30) 200, 100V3 (31) 50,63" 100VF° 
(32) 66 (33) 165.89 
Exercise: 6.3 
(1) 20VFm. (2) 20.8 m (3) 25.38m 
(4) 539.77 m (5) 24-7 (approx. ) (6) 40m, 20/3 m 
(7): 36.50 m (8) 10.95 m (9). 630 m (approx.) 


(10) 100m 
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Miscellaneaus Exercise: 6: 
KMC) _I(MB) | 
O ABO MO ® 9.06, 4.23, 14.50, 18.73 (3) 8.39, 13.42 (4) 35.66 
(5) (A) (1)BAD (2) BCD (3) BAD (B) < (6) x = 3.42,7 = 9.40, y = 25.80 
2 = 754 (8) 13,8 as) Fan2£ as) 
(19) = 5 (21) ~— 60° (22) 30m, 10V3 m (23) «2.732, km. 
Exercise 7.1 Chapter 7 


(1) 50sq.cm. (2) 10 m (3) 5.2 cm (4) 600 cu.cm. (5) 10 cm (6) 90 V3 cu.cm. 
(7) 3000V3 cu.cm, 1200 sq. cm. 


Exercise 7.2 


(1) (a) 440 sq.cm., 1672 sq.cm (b) 1980 sq.cm. 4752 sq.cm (c) 70400 sq.cm., 
90112 sq. cm. (ad) 1320 sq. dm, 1763.52 sq. dm (e) 24.64 sq. m. 36.96 sq. m. 


“(2) $06.88 sq.cm. (3) 174.24 sq.cm., 201.96 sq. cm. 
(4) 7 (5) Rs. 105 - 60 
(6) 75m (7) Rs. 72 — 60 
(8) 1.225 m (9) Rs. 13.20 

(10) Rs. 35200 (11) 1100 sq.m. 

(12) 1200 (13) 40 

(14) 12.69 m (15) 42372 sq. cm. 


Exercise: 7.3 


(1) (a) 231 cu.cm (5) 17.6 cu.cm (c) 2.2 cu.m. (d) 45 cm (e) 14 cm. 

(2) =13.5 (3) 331.5 cu.cm more water in square base vessel. (4) 38500 litre. (5) 38016 
(6) 462 cu.cm. (7) 9240 cu.m. (8) Rs. 492.80 (9) 1131.43 cu.cm 

(10) 20m and .5Ssec. (11) 10 m (12) 25 m. (13) 44 bags (14) 45 (15) 144 


(16) 13 hour 7.5 minutes.’ (17) 179 $ cu.cm, 5] + sq.cm (18) 5 cm, 7 cm 
Exercise: 7.4 


(2) 7 cm (3) 167.55 sq.cm. (4) 2932.7 (5) 1:4 (6) 14 cm (7) 9856 sq.cm 
ae ee 2 
(8) 550 sq.cm., 704 sq.cm., 1232 cu.cm, (9) 30.144 sq.m. (10) 2.52 cu.m, (11) 24 ® 
(12) 375 (13) 188.57 sq. cm., 301.71 cu.cm. (14) 4730 sq.m. (15) 33 cu.cm. 


- Miscellaneous Exercise - 7 


(1) 21 cm (2) 2772 sq.cm. 
(3) 1:3 (4) 1500 

(5) 216 (6) 9 

(7) 1100 cu.cm. (8) 3920m 

(9) 7333.3 cu.cm. (10) 125% 
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